Matrices
Definition:- Matrix
Let U and V be vector spaces of dimensions n and m, respectively. Let B;= { uy, u,, Us,
...oupyand Bo={ vy, vy, Vs, ....,v,} be ordered bases of U and V respectively. Let T:
U— V be alinear map defined by T(u;) = Vit a, Vot ay UVst ... 4, Vi J= 1, 2,

3, ...,n so that the coordinate vector of T(u;) written as a column vector is | o,

mj

Write the coordinate vectors of T(uy), T(uy), ..., T(vj), ..., T(un) successively as

column vectors in the form of a rectangular array as follows:

oy, o, O, |
Qyy Qpp Oz - Qi

A3y U3y U3z ... Oy,

_aml amz amS "'amnj
This rectangular array is called the matrix of T relative to the ordered base B; and B,,
and is denoted by (T: By, B2)= (&;) pn -

Note:- in this definition ¢; is the i-th coordinate of T(uj) relative to the basis { vi, vy, Vs,
ooVt

- The numbers that constitute a matrix are called is entries. Each horizontal line of
entries is called a row. Each vertical line of entries is called a column.

Example:- Let a linear transformation T: V,— V3 be defined by
T (X1, X2) =(X1+X2, 2X1—X,, 7X,). Find the matrix relative to the standard base.
Solution:- We know that the standard basis of v, is B; = {e, e} = {(1, 0), (0, 1)} and the
basis of v5 is B, = {f,, f,, f3} ={(1, 0, 0), (0, 1, 0), (0, 0, 1)}
T(e,) =T(1, 0) =(1+0, 2(1)-0, 7(0))=(1, 2, 0)
Now (1, 2, 0) = Otlf1+0£2 f2+053f3
=a,(1,0,0)+«,(0,1,0)+«,(0,0,1)

= (051 105y aa)
o=, 0,72, a,=0
(1,2, 0) = 1f, + 2f, + Of;
. T(ey) = 1fy+ 2f, + Ofy -----mmemmo- (1)

T(e,) =T(0, 1) =(0+1, 2(0)-1, 7(1))=(1, -1, 7)
Now (1, -1,7) = o, T1ta, ot o, 13
=, (1,0,0)+«,(0,1,0)+«,(0,0,1)
= (al 10y 053)
o=l a1 a,= T
(1,-1,7) = 1f, + (-1)f, + 7f,
o T(e) = 1fy + (-1)fp + 7fg mommmmmmommemeeee- ()
From equation (1) and (2)



The require matrix with respect to base B, and B, is

0 7

1 1
(T: Bl, Bz) =12 -1
3x2

Example:- Let a linear transformation T: V;— V3 be defined by
T (X1, X2, X3) =(X1-Xot X3, 2x1—3x2—%x3, X1-X2-2X3). Find the matrix relative to the

B:={ey, e,, €3} and the basis of vs is B,={(1, 1, 0), (1, 2, 3), (-1, 0, 1)}
Solution:- Here given basis are as

B.={e. e, e} ={(1,0,0), (0, 1, 0), (0, 0, 1)} and the basis

BZ: {fl; f2; f3} = {(11 11 0)1 (11 21 3)1 (_1’ O! 1)}

Now T(es) = T(L, 0,0) =(1- 0 + 0, 2(1) — 0 - 0, 1- 0- 0)=(1, 2, 1)
T(e)=(1,2,1) = o,f1+a,frtaf;
=, (1,1,0)+«,(1,2,3)+,(-1,0,1)
= (g, tay-a5,0+20a,, 3, + ;)
ata,ma,= 1, ayt2a,=2,3a,ta, =1
Solving these equation we get
a,=2, a,=0, a,= 1
(1, 2, 1) = 2f1+ 0f2+ 1f3
T(el) = T(l, 0,0) = 1f1 + 2f2 + 0f3 ----------- (1)
Now T(e,) = T(0, 1,0) =(0- 1 + 0, 2(0) — 3(1) - 0, 0- 1- 0)=(-1, -3, -1)
T(Ez) = (-1, -3, -1) = o f1+ a, f2+ a3f3
=, (1,1,0)+«,(1,2,3)+,(-1,0,1)
=(q,ta,-a5,0,+20a,, 3, + )
“ata,-a,= -1, q,t2a,=-3,3a,ta, =-1
Solving these equation we get
-3 11

a,=6, a,= PR

(L2,1) =6fy+ o+ s
- T(eg) = 6fi + _73f2+ l—;fg ------------------ (2)
Now T(es) = T(0, 0,1) =(0 - 0 + 1, 2(0) — 3(0) - % 0- 0- 2)=(1, % 2)

T(es) = (1, % )= o fita, fta,fs
=, (1,1,0)+a, (1,2,3)+ . (-1,0,1)

= (o ta,-as,4+20a,, 30, + ;)
1
“ata,ma,= 1, o t2a,= " 3a,ta, =-2

Solving these equation we get



_ _ -1 _ -3
o, =0, a,= BT

1 -1 -3
1,-1 2)=of,+ “Lf+ 3¢
(1 21 )01 42 4 3

From equation (1) ,(2) and (3)
The require m_atrix with re:spect to base B; and B, is

2 6 0
3 1
T:B,B)=(0 -= -=
(T: By, By) 2 4
1 3
L 2 4_3><3

Example:- Let a linear transformation T: V;—V, be defined by

T(el) = 2f1 - fz ,

T(e,) = f,+2 1, and

T(E3) = Of]_ +0 f2

Find the matrix relative to the standard base.

Solution:- Here {e,, e,, €3} and {f;, f,} are standard base for V3 and V, respectively.
B.={es e, e} ={(1,0,0), (0, 1, 0), (0, 0, 1)} and the basis
B.={f1, .} ={(1,0), (0, 1)}

Let (Xl, X2,X3)E V3
Now T(Xl, X2,X3 ): T(Xlel+ Xo €2FX3 e3)
= T (X1, X2,X3) = X1 T(€1)+ X2 T(e2)+X3 T(e3)
= X1(2f1 - fg )+ Xo (fl +2 fg )+X3 (Ofl +0 fg)
= (2X1+ X2) fl +(' X1+ 2 X2) fg
= (2x1+ X2) (1, 0) +(- X1+ 2%2) (0, 1)
= (2X1+ Xo, = X1t 2 X2)

= T(Xg, X2,X3)= (2X1+ Xz, = X1t 2 X3)

Now T(1,0,0) = (2,-1) = 2, + (-1) ,
- T(er) = T(L, 0,0) = 2f; + (-1) Fp ~-mmrmmmemev (1)

alsoT(0,1,0)= (1,2)= 1, +21
.. T(e2) = T(0, 1,0) = 1y + 2 f ----mmmmmme )

And T(0,0,1)= (0,0)= 0f, +0f
- T(e3) =T(0,0,1) = 0f, + 0 f) ~------------ 3)

From equation (1) ,(2) and (3)
The require matrix with respect to base B; and B, is

2 10
T: By, By) =
( . 2) |:_1 2 0:|2><3



Example:- Let a linear transformation T: V3 —V, be defined by
T(ey) = 2f;-f,,
T(e,) = f;+2 1, and
T(e3z) = Of +0 1,
Find the matrix relative to basis B; = {(1,1, 0), (1,0, 1), (0,1, 1)} and the basis
B,={f, f;, 3} ={(1, 1), (1,-1)}.
Solution: AS above example

2 3
2

(T: Bl, Bg) =
-1

N|WN |-

1
2 2x3
Note: the matrix of T changes when we change the bases.

Example:- Let a linear transformation T: #3— &, be defined by
T(a, +ax+ x> +a,x°) = o+ (o, + o)X+ (e, + ) x* .Let us calculate the matrix of T
relative to the bases By = {1,(x-1) ,(x-1) ,(x-1)°} and B, = {1, x, x°}.
Solution:- Now T(1) = T(1+0x+0x?+0x®) = 0+ (0+0)x + (1+0)x> =X
T(x-1) = T(-1+1x+0x* +0x*) = 0+ (0+0)x+ (-1+1)x* =
T((X-1)%) = T(1+(=2)x+1X +0x°) = 0+ (L+0)x+ (L +-2)x2. = X- X°
T((X-1)%) = T(~1+3x+(=3)x* +1x%) = 1+ (-3+1)x+(-1+3)x*. =1 - 2x+2x°
Since T(1) =x* =0.1 + 0 x+1x*
T(x-1) =0=0.1 + 0 x+0.X°
T(x-1)) =x-x*=01+1x-1x
T((x-1)°%) =1-2x+2x* = 1.1 -2 x +2.x°
Hence, the matrix of T relative to B, and B, is

00 0 1
(T: Bl, Bz) =0 0 1 -2
1 0 -1 2

3x4

Example:- Let a linear transformation D: 93— &, be defined by map D(p) =p’.
T(ay +ax+ X’ +ax’) = a,+(a, +a;)x+ (o, + )X .Let us calculate the matrix of D
relative to the bases B; = {1, x X%, x*} and B, = {1, x, x°}.

Solution:- Since D(1)= 0 =0.1+0.x + 0.x°

D(X)= 1 =1.1+0x+0x
D(x)=2x=0.1+2x-0.x°
D(x®) = 3x*=0.1 +0. x +3.X°
Hence, the matrix of T relative to B; and B; is
0100
(T:By,By)=/0 0 2 0
000 3],



Note:- is called identity matrix. and is denoted by In (or simply I, if n is understood).

000 - 1]

The ij-th entry of this matrix is usually denoted by &; ,where &, ,called the Kronecker delta, is
defined by

5,= 1,ifi=j
0, ifi].

Linear map associated with a matrix:

Note:- Any rectangular array of numbers such as
ﬁll ﬂlz o ﬂlj T ﬂln
ﬂZl 1822 ﬂz;‘ ﬂZn

' o is called m x n matrix. If m = n the matrix is called a
Ba By - By o B

_ﬂml IBmZ ﬂmj ﬂmn
square matrix.

* Two matrices A = (aij )mxnand B= (,6’ij )mxnare said to be equal if o, = g, foralliandj.

It is written as A = B.

* A matrix whose entries are all real (complex) numbers is called a real (complex)
matrix.

Now we will define a linear map from given matrix .

Example:- If matrix of a linear transformation T with respect to standard bases is

Lz) i _24} then find image of (3, 1, -5) under T. Also define T.
2x3
l.e. find T(x, y, 2)
Solution:- Given matrix is F 3 ‘24} and let {e,, &, es} = {(L, 0, 0), (0, 1, 0), (0, 0, 1)} be
2x3

a basis for V3 .
- T: V3>V, is linear map and

T(1,0,0)=(2,0)

T0,1,0=(3,1)

T(0, 0, 1) = (-4, 2)
= T(3,1,-5)=T(3e1+ 1 e, -565)

=3T(e)) +1T(ep) -5T(es)

=3(2,0)+1(3,1) -5(-4,2)

= (29, -9)
Now T(x,y,z)=T(xetye,+zes)

=X T(e1)+y T(e2)+z T(es)



=X (2,0)+y (3,1) +z (-4, 2) = (2x + 3y -4z, y +2z)
= T(X Yy, 2) =(2x + 3y -4z, y +22)

Example:- find T( -2, 1, 0, 5) if matrix of a linear transformation T with respect to standard
bases is

5 2 4 1
0 -1 2 3
1 2 _1 O 3x4
Solution:- as above T(-2,1,0,5) =(-3,14,0)
Example:- If matrix of T with respect to bases B; and B, is {_11 2 l}
2x3

Also define T. i.e. find T(x, Y, 2)

0 3
Where B; ={(1,2, 0), (0,-1, 0), (1,-1, 1)} and B; = {(1, 0), (2,-1)} then define T i.e.
find T(x, y, 2).
: . . [-1 21
Solution:-Given matrix is { }
1 0 3,

let B, = {uy, Uy, uz} ={(1,2, 0), (0,-1, 0), (1,-1, 1)} and B, = {f;, .} ={(1, 0), (2,-1)}
- T: V3=V, is linear map and
Now T(uy)=-1 (f) + 1 (f)
~T(1,2,0=-(1,0) +1(2,-1)= (1, -1)

T(uz)= 2(f1) + O(f2)
~T(0, -1, 0) = 2(1, 0) + 0(2,-1)= (2, 0)

T(uz)= 1(f,) + 3(f2)
~T(@1,-1,1)=1(1, 0) + 3(2,-1)= (7, -3)
Let(x,V,2) = «(1,2,0)+ «, (0,-1,0) + «, (1,-1, 1)
ey o 2atay- oy, )= (%Y, 2)
oy ta, =X 2ata,- a, =Y, a,= 2
Solving this equations then we get
o, = X-2, a,= 2X-Y-3Z a,=1
ST Y,2) =, T(1,2,0) + @, T(0,-1,0) + o, T (1,-1, 1)
=(x-2)(1,-1)+ (2x- y-32) (2,0)+ z (7, -3)
T(x,Y,2) = (5% - 2y, -X - 22)

2 -3 4

: : : -1

Example:- If matrix of T with respect to standard bases B; and B, is > 1 0
1 2 -2

4x3

then define T i.e. find T(X, y, 2).



2 -3 4

) ) . -1
Solution:-Given matrix is
-2 1 0
1 2 =2

4x3

let B; = {uy, Uy, U3} and B, = {fy, f,, f5, f;} standard bases Vsand V, of respectively.
- T: V3=V, is linear map and
Now T(up)=2 (f1) + 1 (f) + (-2)( ) + 1(f,)
- 7T(1,0,00=2(,0,0,0)+1(0,1,0,0) +(-2) (0,0,1,0) +1(0,0,0, 1)
=(2,1,-2,1)
S Tu)= (2,1,-2,1)

Now T(up)= -3 (f1) + 0 (fz) + 1( f5) + 2(f,)
~T(0,1,0)=-3(1,0,0,0)+0(0,1,0,0) + 1 (0,0, 1, 0) + 2(0,0, 0, 1)
=(-3,0,1,2)
~T(U)=(-3,0, 1, 2)

Now T(us)=4 (f;) + -1 (f,) + 0( f3) + -2(fs)
~T(0,1,0)=4(1,0,0,0) + -1 (0,1, 0, 0) + 0(0,0, 1, 0) + -2(0,0, 0, 1)
= (4,-1,0, -2)
~T(us)= (4, -1, 0, -2)

Let(x,Y,2) = «,(1,0,0) + «, (0,1,0) + «, (0,0, 1)

(051’0‘2’ Q, ): (X7 Y, Z)
Lo =X oa, =Y, a=1

ST Y,2) =, T(1,0,0) + @, T(0,1,0) + o, T (0,0,1)
e T(X,Y,2) = o T(U)t e, T(U2) + a; T(us)
=(x)(2,1,-2,D)+(y)(-3,0,1,2)+z(4,-1,0,-2)
T(X,y,2) =(2x - 3y +4z, X - Z, -2X + y + 22, X +2y -22)

Note:- let M ,, denote the set of all m x n real matrices. Let U and V be real vector spaces

of dimensions n and m, respectively. Let fix ordered bases B, for U and B, for V.

Then the process of determining the matrix of a linear map and the linear map

corresponding to a matrix show that the map z:LU,V) —> M 1, defined by

r (T) =(T: By, B,) is one-one and onto.

Here ¢ (T) =(T:,B4, B,) is one-one and onto therefore ¢ is isomorphism.

Here L(U, V) is the set of all linear transformations from U to V.

Since each linear map T: U—V there exists a unique linear map from U to V.

When U = U, and V = V,, and the bases B; and B, are standard bases in the spaces,

then the matrix associated with T: U, — V,, is called its natural matrix.

Here £ (0) =0y xn

o If z:LU)—> M, then z (1) = I, where | is the identity transformation on U and I, is
the n x n identity matrix.



Linear operations in M

Definition:- Sum of two matrices ( of the same order):
Let A = (a;)mxnand B = (5;)mxn be two matrices. Then the sum A + B is defined as
the m x n matrix (e;+ 4, )

l.e.  the sum of two matrices ( of the same order) is obtained by adding the corresponding
entries.

eg. LetAz{l 3 2},8 {1 2 1}thenA+B {1—1 3+2 2+1}:[0 5 3}
0 -1 1 3 1 0+3 —-1+1 1+2 30 3

Definition:- Scalar multiplication of matrix:
Let A = (e;)mxn matrix and « be scalar. Then the Scalar multiplication of matrix a A
is defined as the m x n matrix (a «;)

i.e.  The Scalar multiplication of matrix by« is obtained by multiplying each entries
bya.

e.g. Lt%tA:{1 3 2}and:Sthen aA:SF 3 2}:[5 15 10}
0 1 0 -1 1| o -5 5

Example:- prove that the linear mapz:LU,V) — M, defined by 7 (T) =(T:By, By) is

linear.
Solution:- Let fix ordered bases B, for U and B, for V. Where B; = {uy, U,,..., U,}

82: {Vl, Vo,..., Vn}.

LetT, SeL(U, V)

i.e. T: U-Vand S: U-V be linear map. Then T + S is also linear map.

If matrices of T and S relative to B; and B, are A = (o, )mxn and B = (B, )mxn

respectively. Then T(u;) = Za” - (=1,2,3,...,n)
And S(u)) =Zﬂijvi G=1,2,3,...,n)
Here T(u;) + S(u;) = Zau -+ Zm“ﬂijvi G=1,2,3,...,n)
ia+mw (=1,2,3, ..., 0) —=-mmr 1)

T+S) W) =D@vi+sw (=1,2,3,....n)

= e+ A (= 1,2,3, in) —eeme ©)
From (1) and (2) we get

(T+S) (u)=T() +S(u) (=1,2,3,...,n)
Lt (T+S)=c(M)+(5)(=1,2,3,...,n) -----—--- (3)



Also T(at) = Y aay = o> av=aTU)=G=1,2,3, ...,n)
i=1 i=1

ca r)('l:) =z (aT) for scalar ¢ .- (4)
From (3) and (4) we get
the linear mapz:LU,V) - M ., defined by « (T) =(T:,B4, By) is linear.

Note: the linear mapz:LU,V) — M 1, preserves addition and scalar multiplication.
.e. 2 (T+S)=¢(T)+ «(S)forall T, SeL(U, V) and (a 7 )(T ) =z (« T) for scalar « .
Theorem: (a)Prove that is a real vector space for the foregoing definitions of addition and
scalar multiplication.
(b) prover:LU\V)— M, defined by ¢ (T) =(T:By, B,) is isomorphism.

Theorem: (Dimension theorem for M )
The dimension on of the vector space M ., iS mn.
Proof:- Given i and j, define the matrix E;; as the m x n matrix with 1 in the ij-th entry and
zero in all other entries.
Let set B of matrices as
B= { E11,. . --)Ell’lv Egl,. .. .,Egn,. ey Eml;- . ..,Emn,}
={EjeMn,/i=1,2,3,...m;j=1,2,3,...,n}
Now we want to prove that B is a basis for M
First we will show that B is LI.
We assume that
o, Ent...+ o, Einta, Exnt.... ta, Eont.. . ta, Emit....t a2, Emn= Omxn

i.e.
o, o, ay a, | 0 0 - 0 - O]
U1 Oy y; s, o0 . 0 -0
oy A, a; a, oo 0 0
Ay Ay Ay e | [0 0 0 0] .,

Hence _aij =0forall iand j






