SEM-V
MAT 301: Linear Algebra- Il (Theory)
Unit-1

Definition:- Composition of linear maps:-

Let T: U—V and S : VW be two linear maps. Then the composition SoT : U—-W is
defined by SoT(u) = S(T(u)) for all ue U. Here SoT is called the composition of Sand T.

Example:- Show that SoT is a linear map.

Solution:- Let ug,u;e U and « is any scalar. Then

(i) SOT(ug + uz) = S(T(ug + up)) [+ by definition of composition]
S(T(u) + T(uy)) [+ T is linear map]

S(T(up) )+ S(T(uy)) [+ S is linear map]

=S0T(ug) +So T(uy) [ by definition of composition]

(ii) SoT(a ug) = S(T(eax uy) ) [ by definition of composition]
=S(aT(uy) [+ Tis linear map]
= a S(T(uy) [ S is linear map]
= a SoT(u1) [+ by definition of composition]

From (i) & (ii) SoT is a linear map
i.e. The composition of two linear map is again a linear map.

Example:- Let a linear map T : V3—V, be defined by

T(e1)=(1,1,0,0), T(e) =(1,-1,1,0) and T(e3) = (0, -1, 1, 1), where {e;,e2,e3} is the
standard basis for V3, and let a linear map S : V,—V, be defined by

S(f1) =(1,0), S(f2) = (1, 1), S(f3) = (1, -1) and S(fs) = (0, 1), where {f,,f,,f5,f4} is the
standard basis for V4 . Then find SoT: V3— V..

Solution:- Since

SoT(e1) = S(T(e1)) =S(1, 1, 0,0) =S(f, + f,) = S(f) + S(f2) = (1,0)+ (1, 1) =(2,1)
Now

SoT(e2) = S(T(ez)) =S(1, -1, 1, 0) = S(f; - f, +f3) = S(fy) - S(f2) + S(f3) =

(110) - (11 l) + ( 1, '1) = (11'2)

Now

SoT(es) = S(T(es)) =S(0, -1, 1, 1)= S(-f, + f3 +f;) = -S(f,) + S(f3) + S(fy) =
-(1,1)+(1,-1)+(0,1)=(0,-1)

Note:-
s We can write ST for SoT and call it the product of S and T rather than the
composition of S and T.
¢ If ST defined then TS need not be defined. Even if both are defined, they need not
be equal. Thus the commutative law of the product is not in general satisfied. The
other laws of multiplication are easily seen to hold.



Theorem:- LetT; T, be linear maps from U to V. Let S; S, be linear maps from V to
W. P be linear maps from W to Z, where U, V, W and Z are vector spaces over the same
field of scalars. Then prove that

(@) Si(T1+ T2 ) =S1T1+ ST

(b) (Sl + Sz) T1=5T1 +S,T,.

(¢) P(S1T1) =P(Sy)T1.

() (ax S1)T1= ¢ (S1T1) =S1(a T1) , where « is a scalar.

(e) vT:1=T and Tilu=T

Proof :(a)
Since T1 and T, be linear maps fromU to V .
i.e. T,: U=V ,Tz :U->V
. T1 + T, be linear maps from U to V.
i.e. Ty + To: U—V be linear maps.
Also S; be linear maps from V to W.
i.e. S; : V>W be linear maps.
o S1(T1 + T>) be linear maps from U to W.
i.e. S; (T1 + T2): U—W be linear maps and S; Ty + S;T, is also defined.
o S1(T1+Ty)and S; Ty + S1 T, have the same domain U.
Let ue U then

Si[(T1 + T2)J(u) = S1[(T1 + Ty) (u)] [+ by definition of product]
= S1[Ta1(u) + T (u)] [ by sum of linear map]
= S1(T1(u)) + S; (T2 (u)) [-.- Sy is linear map]
= (S1T1)(u) + (S1T2)(u) [~ by definition of commutative]
=(S1T1 + SiTo)(u) [ by definition of sum of linear map]

This proved that Sy(T; + T ) = S3T1 + ST
Proof of (b) is similar to (a).

(© Since P :W —Z ,S; : V>W be linear maps and T; : U—V be linear maps.
- $1T1 : U—W be linear maps.
. P(S1T1): U—Z be linear maps.
.. the domain of P(S;T;) and P(S;)T; is common.
Let ue U then

[P(S:T)1(u) =P[(S1T1) ()] = PL(Sa{T1 (U)}] = {(PS2)Ta (U)} = P{S1)Ta (W)}

Hence, images of u under the two functions are same.
. we get
P(SlTl) = P(Sl)Tl
(d) Proof (d) is simple.
(e) Domain of I\, T; = domain of T;=U. So the functions
IvTiand T are same
(VT)(U)= Iv(T1(u))
Similarly T1l, =T;.
=Ti(u)
|VT1:T1



Note :- We know that T : U—V be a nonsingular linear map, i.e. T is one-one and
onto. Then T : V—U exists and is linear. Further TT™ =l and T™'T =

Theorem:- T: U—V and S:V —W be a linear maps. Then
(@)  If Sand T are nonsingular, then ST is nonsingular and (ST)™ = T*S™.
(b) If ST is one-one, then T is one-one..
(c) If ST is onto, then S is onto.
(d) If ST is nonsingular, then T is one-one and S is onto.
(e) If U, V, W are of the same finite dimension and ST is nonsingular, then both S
and T are nonsingular.

Proof: Since S is nonsingular. S* exists and SS™ = Iy and S'S = I.
Since T is nonsingular. T exists and TT* = Iy and TT = I,.
Then we have (ST)( TS™= (S(T( T ) = (S(TTHS) = S(IyS*) =SS =
Similarly,
(TS (ST) = (THSY(ST)) = (T ((s 1S)T)) T-10IVT) =TT =1y
Hence ST is nonsingular and (ST)™ = T*S™.

The Space L(U, V)

Definition:- Sum of two linear maps:

Let T: U-»V and S : U—V be two linear transformations. The linear map

M: U—V defined by M(u) = S(u) + T(u) forallue U is called the sum of two linear
map Sand T.

Example:- Let T: U—V and S : U—V be two linear transformations. Then prove that
M: U—V defined by M(u) = S(u) + T(u) for all ue U linear map.

Solution:- Let ug,u,€ U then
M(ur+ up) = S(ug+ up) + T(urt up) [-- by definition of M]
= (S(up)+ S(u2) ) + (T(up)+ S(uz)) [~ Sand T linear map]
S M(urt Uz) = (S(u)+ S(uz) ) + (T(u)+ S(uz)) (i)
And M(up)+M(u2) = (S(up)+ S(uz) ) + (T(uz)+ S(up)) [+ by definition of M]
= (S(ug)+ S(uz) ) + (T(uz)+ S(uz))

- M(u1)+M(up) = (S(ug)+ S(up) ) + (T(u)+ S(uz)) (i)

From (i) & (ii)
M(up+ up) = M(u1)+M(uy) @)
Again let & eR and u; e U then

M(a u)=S(a up)+ T(a uy) [ by definition of M]
= a S(u1)+ a T(u1) [*- Sand T linear map]
= a (S(u)t T(uy))
= a M(uy)

A MU= o M(uy) (b)




From (a) & (b)
M: U—V be a linear map.

Definition:- Scalar multiple of a linear map:

Let S: U—V be linear transformation and « be any scalar. Then the linear map

P: U—V defined by P(u) = « (S(u)) for allue U is called Scalar multiple of a linear
map S and « .

Example:- Let S: U—V be linear transformation and « be any scalar. Then prove
that P: U—V defined by P(u) = « (S(u)) for all ue U is linear map.

Solution:- Let uj,u,e U and « be any scalar then
P(uit uz) = a (S(uit uy)) [~ by definition of P]
= o (S(u1)+ S(up)) [+ Sis linear map]
= a(S(u))t+ a (S(u))
=P(u1)+ P(u2)

- P(upt up) = P(up)+ P(uyp) 0)
Again A be any scalar and ue U then
P(Au) = a (S(Au)) [ by definition of P]

= a (A1 S(u)) [ Sis linear map]
= A (a (S(u)))
= 1 P(u)

S P(Au)=2 P(u) (i)

From (i) & (ii)

P: U—V is linear map.

Example:- Let T: Vs—V,and S : Vs3—V, be two linear transformations
defined by T(X1, X2, X3) = (X1 — X2, X2 + X3) and S(Xy, X2, X3) = (2X1, X2 - X3) then find
(S+T) and « (S).
Solution:- Since (S +T) : V3—V, is given by
(S +T) (X1, X2, X3) = S(X1, X2, X3) + T(X1, X2, X3)
= (2X1, Xo - X3) + (Xl — X2, Xo + X3)
= (3X1- X2, 2X2)
And a S: V3—V; is given by
(04 (S) (Xl, X2, X3) o (S(Xl, X2, X3) )
= (2X1, Xo - X3)
= (2 aXy, a (X2 - X3))

Example:- Let T: Va—Vszand S : V3— V3 be two linear transformations
defined by T(e1) = (e1 + €2), T(e) =es, T(es) = (e2—€3); S(e1) =e3,
S(e2) = (2e; — e3) and S(e3) =0 then find (S +T) and 2T
Solution:- Since (S +T) : Vs—V3 is given by
(S+T) (e1) =S(e1) + T(e1) =e3 +(e1 + €2) =€1+ €2+ €3
(S +T) (e2) = S(e2) + T(e2) =(2e2 —e3)+€3 =282
(S +T) (e3) = S(es) + T(e3) =0 +(e2 — €3) =€ - €3



And 2T: V3—V3 is given by

(2T) (el) = 2T(el) = 2(61 + ez)

(2T) (e2) = 2T(e2) = 2e5

(ZT) (93) = 2T(93) = 2(62 — 63)
Note: - The set of all linear transformations from U to V is denoted by L(U, V). Here U
and V are vector spaces.

Theorem: The set L(U, V) of all linear maps from U to V together with the operations
of addition and scalar multiplication as defined above is a vector space.

Proof:

We have already seen that the sum of two linear maps from U to V is again a linear map
from U to V. Hence L(U, V) is closed under addition. Also a scalar multiple of a linear
map is again a linear map. Hence L(U, V) is closed under the operation of scalar
multiplication.

Now we define zero linear map takes any vector of U into a zero vector V.

Negative of a linear map—T: U—V is defined by (-T)(u) = (-u)

The following properties are the consequence of these definitions.

If S, T, R are any linear maps belonging to L(U,V) and «, # any scalars then
(i) Addition in L is commutative.i.e. S+ T=T+S
(i)Addition in L is Associative. i.e. (S+T) + R=S+(T + R)

(iii) There exists an Oe L such that T + 0 = T. Here 0 is called identity element for

addition.

(iv) For each T e L there exists -Te L such that T + (- T) = 0. Here (- T) is called

Inverse element for addition

V) a(S+T)=aS+aT
Vi)(a+pB)T=aT+ T
(vii) (¢B)S = @ (S) = a BS
(viii) 1.S=S.

Hence L(U, V) satisfied all axioms for vector space so it is vector space.

i.e. the set of all linear transformation from U to the vector space V is a vector space
itself.

Operator Equations

Definition: Operator Equations:
Let T: U—V be a linear map from the vector space U to the vector space V. the equation
T(u) = v, ,Where v, is a fixed vector in V, is called an Operator Equation.

Note:(i) if vo = 0 i.e. T(u) = O, then the equation is called homogenous (H) equation.

(i) ifvo = 0y i.e. T(u) = v, then the equation is called nonhomogenous (NH) equation.
(i) The set of solutions of the equation T(u) = 0 is the kernel of T i.e. N(T).



Theorem:- Let T: U—V be a linear map. Given vq = 0, in V, the nonhomogenous
(NH) equation. T(u) = v, and the associated homogenous (H) equation T(u) = 0, have the
following properties:

@ If vog R(T), then (NH) has no solution for u.

(b) If voe R(T) and (H) has trivial solution, namely, u = 0, as its only solution,
then, (NH) has unique solution.

(c) If voe R(T) and (H) has a nontrivial solution, namely, a solution u # Oy, then
(NH) has infinite number of solutions. In this case if ug is a solution of (NH),
then the set of all solutions of (NH) is linear variety up+K, where K = N(T) is
the set of all solutions of (H).

Proof:- (a) is obvious. Recall the definition of R (T).
(b) If voe R(T), then T (u) = vo has a solution.
If T (u) = 0y has only one solution, i.e. u = 0y, then N (T) = {0y},
i.e. T is one-one.
This means T (u) = vo cannot have more than one solution,
i.e. the solution of (NH) is unique.
(c) If T(u) = 0y has a nonzero solution , then N(T) = {Ou}.

Let up € U be a solution of (NH) .

It exists because vo € R (T).

Then T (Up) = Vo.

Now if uge N(T), then T(uptux) =T (uo) + T (ux)

=vo+ 0y
=V

Therefore, up +uy is a solution of (NH). This is true for every uxe N(T) and since
this letter has infinite number of elements in it, (NH) also has an infinite number
of solutions.
From this discussion it is obvious that ug + K, where K = N(T), is contained the
solution set of (NH).
Conversely, If w be any other solution of (NH) then
Tw)=vo= T (Vo) or T(w-up) =Vp
i.e.w-upeN(T) =K
So w and up belong to the same parallel of K, namely up + K.
Thus, the solution set of (NH) is precisely up + K.

Note:- up + K is the pre-image of v,.

Example:- Let D:G(0, 27)— G(0, 2 ) be the linear differential operator .the operator
equation D(f)(x) = sin x.

Solution:- the associated homogeneous equation (H)is as D(f)(x)=0
The solution set of this equation is the set of all constant functions.

K = {f/f(x) =b forall xe (0, 2x) and b a constant}

One solution of D(f)(x) = sin x is the function fo, where fy(x) = -cosx.
So the solution set is fy + K.



In other words, the set of all function g, where g(x) = -cos x + (a constant) is the solution
set of D(f)(x) = sin x.

Note: To solve a nonhomogeneous operator equation (NH)
T(u) = vo,

Where T is linear operator,

We go through three steps:

Step 1. Form the associated homogeneous equation (H)

Step 2. Get all solutions of (H). It is the kernel of T, i.e. N(T).
Step 3. Get one particular solution up of (NH).

Now the complete solution of (NH) is up + N(T).

Examples of solving an operator equation:
Example-1 Let T: Vs—V3 be a linear transformation defined byT(e,) = %fl; T(ey) =

%fl, T(es) = f2, T(e4) = frand T(es) = 0. Where {e;,e,,e3,e4,e5} is the standard
basis for Vs and {f1, f>, f3} is the standard basis for V3 then solve the equation T(u) = (1,
1,0).
Solation: Frist calculate the value of T(u) i.e. T'(xy, x5, X3, X4, Xx5) Here ue Vs.
Since T is a linear map
o T(xq, X2, X3, X4, X5) = %1 T(e1) + x,T(ez) + x3T(e3) + x4 T(es) + x5T(e5)

= x; %fl + %, %fl + x3f5 + x4f5 + x5. 0 (Put the given values)

+
= CEDfi + (xa+xa)fo + 0fs
= (xl‘;’xz ,X3 + X4, ,O) (fl'fZ'f3)
T (x4, X5, X3, X4, X5) = (x1+x2 , X3+ Xy ,0)

The associated homogeneous equation leads to the equations
Ie T(xll X2, X3, X4, xS) =0

X1+x
#=O,X3+X4,=O.

Solving these, we get x, = —x; , X3 = —Xx4

Thus, the kernel of T is the set of all vectors of form(x;, —x;, x5, —x3, X5),
i.e. x; (1,—1,0,0,0) + x3(0,0,1, —1,0)4+x5(0,0,0,0,1)

~N(T) =[(1,-1,0,0,0), (0,0,1,—1,0), (0,0,0,0,1)]

Now find T(u) = (1, 1, 0).

Since T(u) = T (x4, X2, X3, X4, X5) = (

2(1,1,0)= (222, x5 + x,.,0)

Thusweget,’%xz: 1,%34x, =1
Letustake x; =2,x, =0,x3 =1,x, = 0,x5 = 0.

X1+X2

, X3+ X4 ,O)

Then we get one particular solution of T(u) = (1, 1,0)isups=(2,0, 1, 0, 0)
So the complete solution of the equation T(u) = (1, 1, 0)
is the linear variety (2, 0, 1, 0, 0) + N(T)



i.e. Theset (2,0,1,0,0)+{(a,—a,b,—b,c)/a,b,c € R},
Which is same as {(a + 2),—a, (b + 1),—b,c)/a,b,c € R}
In other words: The T-pre-image (1, 1, 0) of is this linear variety.

Example-2 Let T: R°>R? be a linear transformation defined byT (xy,x,,x3) =
(x1 + x5, 2x, + x3 ) then solve the equation T(u) = (2, 4), ue R®,

Solution: Frist calculate the value of T(u) i.e. by T'(xq, x5, x3) = (x1 + x2,2x5, + x3)
The associated homogeneous equation leads to the equations

i.e.T(xq,%p,x3) =0

x1+x, =0,2x, +x3 =0.
Solving these, we get x; = —x, , x3 = —2x,
Thus, the kernel of T is the set of all vectors of form (—x,, x,, —2x;),
If we take —x, = aVa € R
N(T) = [(a, —a, 2a)]

Now find T(u) = (2, 4), ue R®.
Since T(u) = T(xq, X2, x3) = (X1 + x5, 2%, + X3 )
2(2,4)= (0 +x5,2x5 +x3)
Thusweget, x; +x, =2,2x, +x3=4 =x;=2—2x,,x3 =4 —2x,
Let us take x, = —1 thenwe get x; = 3,x3 =6
Then we get one particular solution of T(u) = (2, 4) isup = (3, -1, 6)
So the complete solution of the equation T(u) = (2, 4)
is the linear variety (3, -1, 6) + N(T)
i.e. Theset (3, -1, 6)+ {(a, —a, 2a)/a € R},
Which is same as {(a + 3),—(a + 1), (2a + 6)/a € R}
In other words: The T-pre-image (2, 4) of is this linear variety.

Example-3 Let T: R*>R® be a linear transformation defined by T(xy, Xy, X3, %4) =
(x; — X4, X5 + X3,%3 — x,) then solve the equation T(u) = (1,2, 3), ue R*.
Solution: Frist calculate the value of T(u)
1.e. by T (xq, x3, X3, %4) = (1 — X4, X3 + X3, X3 — X4)
The associated homogeneous equation leads to the equations
i.e. T(xq,X0,%3,%4) =0
X1 —X4 =0,y +x3 =0 x3 — x4, =0.
Solving these, we get x; = x4 , X, = —X3, X3 = X4
Thus, the kernel of T is the set of all vectors of form (x4, —x4, x4, x4)
If we take x, = aVa € R
N(T) =[(a,—a,a,a)] i.e. N(T) =[a(1,—1,1,1)]
~ N =[(1,-1,1,1)]

Now find T(u) = (1,2, 3), ue R*
Since T(u) = T (x4, X2, X3, X4) = (X1 — X4, X5 + X3, X3 — X4)
(1121 3) = (xl — X4, X3 + X3,X3 — x4-)



ThUS we get,xl_x4=1,x2+X3=2,X3_x4=3 $x1=1+x4,xZ=2_X3,
X3=3+X4
-'-x2:2_3_X4:_1_X4

Letustake x, =1 thenwe get x; = 2,x, = —2,x3 = 4

Then we get one particular solution of T(u) = (1,2, 3)is up = (2, -2, 4,1)
So the complete solution of the equation T(u) = (1,2, 3)

is the linear variety (2, -2, 4,1)+ N(T)

i.e. Theset (2,-2,4,1)+ {(a,—a,a,a)/a € R}

Which is same as {(a + 2),—(a + 2),(a+ 4),(a+ 1)/a € R}

In other words: The T-pre-image (2, 4) of is this linear variety.

OR

Let us take x, = 0 thenwegetx; = 1,x, = —1,x3 = 3

Then we get one particular solution of T(u) = (1,2, 3)is up = (1, -1, 3,0)

Example-4 Let T: R*-R?® be a linear transformation defined byT(e,) = fi, T(e;) = fo,
T(es) = f; + frand T(e,) = —f, — f5. Where {e;, e,, e3,e,} is the standard basis for R*
and {f., f>, f3} is the standard basis for R® then solve the equation T(u) = (1, 2, 3).
Solution: Frist calculate the value of T(u)
i.e. T(xy, %y, Xx3,%,) Hereu= (xy,%,,x3,%,) € R".
Since T is a linear map
o T(xq, %2, %3, x4) = %1 T(eq) + x,T(ez) + x3T(e3) + x,T(ey)

= x1 fi + %25 + x3(f1 + f2) + x4 (—f> — f3) (Put the given values)

= (ot x3)fi + (2 +x3—x4) 2 + (—x4)f3

= ((x1 + x3), (X2 + x3 — x4), (—x4)). (f1 f2, f3)
T (%1, %2, %3, %3) = ((t1 + X3), (% + X3 — x4) , (—x4))
The associated homogeneous equation leads to the equations
i.e. T(xq,X0,%x3,%4) =0
X1 +x3=0,xy +x3—x4=0,—x4 =0.

Solving these, we get x; = —x3,x, = —x3,x, =0
Thus, the kernel of T is the set of all vectors of form(—x3, —x3, x3, 0),
If we take x; = aVa € R
N(T) =[(—a,—a,a,0)] i.e. N(T) =[a(—-1,—-1,1,0)]
~N(T) =[(—-1,-1,1,0)]
Now find T(u) = (1, 2, 3).
Since T(U) = T(x1, X5, X3, %4) = ((x1 + x3), (x5 + x3 — Xx4) , (—X4))
~((1,2,3).= ((x1 + x3), (X2 + x3 — x4), (—x4))
Thusweget, x; +x3=1,x, +x3 — x4, =2, —x, =3
Letustake x; =1 — x3,x, = =1 — x3,x, = —3.
If we take x; = O,thenx; = 1,x, = —1,x, = =3
Then we get one particular solution of T(u) = (1, 2, 3) isup = (1, -1, 0, -3)
So the complete solution of the equation T T(u) = (1, 2, 3)
is the linear variety (1, -1, 0, -3)+ N(T)
i.e. Theset (1,-1,0,-3)+{(—a,—a,a,0)/a € R},
Whichissameas {(—a+1,—a —1,a,—3)/a € R}
In other words: The T-pre-image (1, 2, 3) of is this linear variety.
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Theorem:-( dual basis existence theorem) Let V be an n-dimensional vector space and
let B = { x4, X2,...Xn}be a basis of V. Then prove that there is a uniquely determined basis
B* = {f1, f2, f5, ...,fn}of V* such that fi(xi) = &; i,j=1,2,3,...n.

Proof: B = { x4, X2,...Xn}be a basis of V and (1,0,0,0,---,0) is an ordered set of n scalars,
then there exists a unique linear functional f; onV such that

f1(X1) = 1, fz(Xz) = 0, f3(X3) = O,..., fn(Xn) =0.

In fact

For each i=1, 2, 3,...,n there exists a unique linear functional f; on V such that

fi(Xi) = 5”- i,j = 1, 2, 3, RN 1

Let B* = {fy, 5, f5, ...,/n}

We shall show that B* is a basis of V*.

For this, first we show that B* is linearly independent.

Let a, f1+0{2 f2+0{3 fat ....+0{n fo = 0 ‘v’aieR,i = 1,2,3, e, n
(a, it a, ra, f:+ ...+, f))(X) =0(x) VxelV/

a, fi(x) ta, f2(x) ta, f3(x) + ...+, f)(X) =0

ie. Yieq aifl-(xj) =0, Vj=123,..,n

ﬁz;lzl aié‘ij =0

>a=0=123,..,n

Hence B* is linearly independent.

Definition:- Annihilators :
Let W be a subset of a vector space V over a field k and VV* its dual. Let W be a subset of
V which is not necessarily a subspace. Then a linear functional feV* is called an
annihilator of W if f(x) = 0 for every xeW.
It is denoted by W°.
i.e. The set of all linear functional f on V such that f (x) = 0 for every xeV.
i.e. f(w) = 0,is called an annihilator of W.
Also WO = {feV": f(x) = 0vx € V}
Note:- Annihilator of V is the zero functional on V. and {0}° = V*.

Theorem:- Let W be a non-empty subset of a vector space V. Then prove that the
annihilator W°of W is subspace of V*. (OR) Prove that the W is subspace of V*.
Proof:- By the definition of W°,

It is clear that 0 € W° and W° c V*,

Now suppose ¢, ¢, € WP and for any scalars a, b € R and for any a € W,
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(ad1+bg,)(a) = apq(a)+bp,(a)
=a.0+b.0 (~ ¢ ¢, € WO
=0

~ap;+bp, € WO
Hence, W? is subspace of V*.

Note:- WO is subspace of V*, whether W is a subspace of V or not.

Theorem:- Let V be a finite dimensional vector space over the field F and let W be a
subspace of V. Then Prove that dim W + dim W° = dim V.

(OR) If W is an m-dimensional subspace of an n-dimensional vector space V. then show

that the annihilator W° is an (n-m) dimensional subspace of V*.

Proof:-
Let V be a finite dimensional vector space over the field F.
Let dimW =m

Let W be a subspace of V. Then W is subspace of V*.

Since W is a subspace of V so that

dimW <dim dimW

i.e. m<n.

Let { X1, X2,...Xm}be a basis of W.

So it can be extended to form a basis of V.

Choose vectors Xm+1, Xm+2,... Xn in V such that B = { X1, X2,...Xm , Xm+1, Xm+2,-.. Xn }iS basis
of V.

Let {f1, T2, f3, ...,fn}be basis of V* which is the dual to B.

Now we claim that { fy+1, fns2,... T, } is basis of WO,

Obviously, f; € W, vi >m+ 1 because f;(x;)8;; = {

Andé;; =0 ifi=m+1 andj<m.
Since { fm+1, fm+2,... fn } is a subset of linearly independent
Now we show that { fy.1, fns2,... f } spans WP,
Let f € WP be an arbitrary linear functional,
Sothat f(x;) = 0for1 <i<m 1)
wlcv*and fev*
But {f1, f, 5, ...,/n} generates V™.
n

“f =) Fef

= f(xf)z;l )z + ot f) fn + f s ) s + f ma2) fnaz + 0+ F () fn
= ftme) fmer + f Gma2) fmaz + -+ O fo = Zicmer f (X0

This shows that { fy+1, fnez,... fn 3} spans WP,

Thus, { fu+1, fnea,... fo ¥ is basis of WO,

Accordingly,
dimW°=n—-m=dimV -dimW.

0 i#j
1i=j
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Corollary:-If W and W1 are two subspaces of a vector space V which are annihilated by
the subspace W°then dimwW = dimWw;.

Proof:- W and W; are two both annihilated by the subspace W%and both are subspaces
of V then we have

dim W + dim W° = dim V (1)

dim Wy + dim W° = dim V (2)

Now subtract (2) from (1) then we get

dim W =dim W,

Theorem:- If W and W, are two subspaces of a finite dimensional vector space V, then
W; =W, ifand only if W;° = W,°.

Proof:- If Wy =W, then obviously W,° = W,’.

Let us suppose that Wy #= W,

Then there is at least one vector Wyin which not in W5.

Suppose x € W, and x €W,

Then there a linear functional f such that f(y) =0y € W but f(x) # 0

This implies that f eW,° but f ¢W,° and thus Wy° # W,°.

Hence W,° = W0 if Wy = W,

Bilinear forms
Definition:- Bilinear form (or) 2-Form: (or) bilinear functional
Suppose VC is finite dimensional vector space over a field R. Let u,, u,,v,,v, € V and
a,b € R be arbitrary. A mapping T:V X V — R is a bilinear (or bilinear functional) on V.
if following are satisfied:
(i) T(u,avy + bvy) = a.T(u,v;) + b.T(u,v,)
(i) T(u, avy + bvy) = a.T(w,v1) + b.T(u,vy)

Note:-

—We express condition (i) by saying f is linear in its first variable (co-ordinate) and
condition (ii) by saying f is linear in its second variable (co-ordinate).

— Such mapping f id also known as Sesqui-linear form.

Example:

Prove that the zero function from T:V x V — R is a bilinear on V.

i.e. Letfrom T:V XV — R defined by from T(u,v,) =0, Yu,v € V is bilinear on V.

Solution:

Let uy,u,, v, v, €EVanda,b €R

~T(ug,v) =Ty, v)=Twv) =T, vy) =0

Since T(u,avy + bv,) =0
=a.0+5b.0
=a.T(wv)+b.T(u,v,)
Similarly,
T(auy + bu,,v) =0
=a.0+b.0
=a.T(uy,v) + b.T(uy, v)
=~ T is bilinear form.
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Example: Let V= R®. Suppose u =(X1,X2,X3) and v = (y1,Y»,y3) e R® and defined by
f(u,v) = x1y, — 3x,y3 + x3y; then Show that f is a bilinear for.
Solution:-
Letu = (X3%5,%3) , v = (V1¥2, V3)and w = (2,2,,23)eR*and a,b € R
~au+ bw = (axqy + bz, ax, + bz,, ax; + bz3)
Now,
f(lau + bw,v) = (ax; + bzy)y, — 3(ax, + bzy)ys + (ax3 + bz3)y;
= a(x1y; — 3%2¥3 + x3¥1) + b(21Y, — 32;¥3 + 23Y1)
=af(u,v) + bf(w,v)
Similarly,
f(u,av + bw) = x,(ay, + bz,) — 3x,(ays + bzs) + x3(ay; + bz;)
= a(x1y, — 3x2y3 + x3y1) + b(x12, — 3x,23 + X327)
=af(u,v) + bf (u,w)

= f is bilinear form.

Example:

Which of the following functions f define on vectors u = (x,, x,) and v = (3, y,) in R* are
bilinear form?

(1) f(u, V)= X1y2 - X2y1

(2) f(u, V)= (x1—y1)? + x2¥5.

Solution:-(1)
Letu = (x;x,) , v = (y;¥,)and w = (z,2,)eR*and a,b € R
~au+ bw = (axy + bz, ax, + bz,, ax; + bz3)
And ay + bw = (ay; + bzy,ay, + bz,,ay; + bz3)
Now,
f(au + bw,v) = (axy + bzy)y, — (ax, + bzy)y;
= a(x1y; — x2¥1) + b(21y2 — 22)1)
=af(u,v) + bf(w,v)
Similarly,
f(u,av + bw) = x;(ay, + bzy) — x,(ay; + bz,)
= a(x1y; — x31) + b(%12; — x,27)

=af(u,v) + bf (u,w)
= f is bilinear form.

Solution:-(2)

Letu = (x3x,) , v = (y1y,)and w = (z,2,)eR?and a,b € R
~au+ bw = (axqy + bz, ax, + bz,,ax; + bz3)

And ay + bw = (ay, + bz,,ay, + bz,,ay; + bzs3)

Now,
f(au,v) = (ax; — }’1)2 + ax;y;

= alez —2ax.y, + J’12 + ax;y, (i)
And

af (u,v) = a[(x; — y1)* + x2y,]
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= ax,? — 2ax,y; + ay,® + ax,y, (i)
From (i) and (ii)

f(lau,v) # af (u,v)

« f is not a bilinear form on RZ.

Example:

Let ¢ and i be linear functional on a vector space V over R. Defineamap T:V XV - R
by the formula T (u, v) = ¢(w).yY(v) Vu, v € V . Then show that T is bilinear on V.
Solution:

Let uvweVanda,b €R

o~ T(au + bw,v) = ¢p(au + bw). Y (v)

[ap(w) + bp(W)].Y(v) (+ ¢ islinear map.)

ap(w).p (@) + bp(w). ¢ (v)

=aT(u,v) + bT(w,v)

Similarly,

T(u,av + bw) = ¢p(u).P(av + bw)
=¢).[ap () + bp(w)] (~ ¢ islinear map.)
=apw).p(v) + bp(w).p(w)
= aT(u,v) + bT (u,w)

~ T is bilinear form.

Example:
Define amap T: R™ — R by the formula T (u, v) = Y-, a;b; Where u = (a4, ay, ..., a,)
and v = (by, by, ..., by,). Then show that T is bilinear on R™.
Solution:
Let u,v,we R™ where u = (ay,a,, ...,a,) and v = (by, by, ..., b)) and w =
(c1,¢3, .., ) anda,f ER
n

=~ T(au + Bw,v) = Z(aai + Bc)b;
i=1
i=1(aa;b; + Bcib;)

aYi,ab; + B XY cib;
aT (u,v) + bT(w, v)

Similarly,

n

T(u,av + bw) = Z a;(ab; + fc;)
i=1
i=1(aa;b; + Bac)
a Z?:l a;. bi + ﬁ Z?:l a;c;
= aT(u,v) + bT (u,w)

~ T is bilinear form.
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Note :- The set of all bilinear forms on V denoted by B(V).



