(Unit : 1)

-

( ™
Chapter

L'i'mit-Contin_uity of function
' 1 of several variables and
y partial derivatives

1.1 : Limit and continuity :

[1]

(2]

We have studied limit, continuity, differentiation of a function
of one variable. Now we > shall study them for function of more
variables.

Function of more than one varlable :

LetSc RPneN-{1},Ris the set of all real numbers then
a function f:S—> Rsuch that f (x) =u, is ca]led a real valued

~ function of n variables, where.

x ="{x,, %,/ x; L x) €S and U € R.‘

- It is also denoted by f: x > u, x € S.

e.g. Let S {(x, y)/x*+ y2 <1}, thena functlon f:S—>R such
that f(x, )= \/1-x* —* isa functlon of two variables whose

domain is § and range is [0, 1]. Here we shall denote
neighbourhood by nbhd. .

Spherical nbhd of « € R" :

Let ¢ = (a,, a,, a,, ... , @) € R" be a fixed point and

x=(X,, X,, X, .oy X,) € R be a variable point and § € R, then
a set {x € R" |0 < |x —a| < &} is-called a spherical nbhd. of
a in R" and is denoted by N(a, &) or N,(a).

eg In R, {(x,x) e RR|0<|(x,x)-(a,a)|<d}isa
spherical nbhd of a = (a,, a,) which is a set of all point in R?
which lie in the circle whose centre is at @ and radius equal

to .

g , 4
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1.3 Illustrations : |
" Evaluate the following limits by definition if exist :

[1] h | (_‘-._‘.I)i_ln2'.3) [3x}’]°
Solution : Here (x, y) = (2, 3) = (x, y) € N'((2, 3), 7] ).
= I(l~)’)—(2,3)|<5

k-2 <o, |p-3 <6

=
= 2—5<3€<2+5,_3—6 <y<3+ 0
= 3(2—6):(3—5)<3xy<.3(2+5)(3+'5)
= 18—155+352 <3xy<18+155+36“
= 18—(15§+36)<3xy<18+(155+35)
L 156 +38% =¢ 7 '
SR LT R el ot e
_ s ClsE e . T
6. L
SR B LN S
9 g - [."5>0]

= For every N(18, ¢), EIN(( 3), 8) >
(%) € N(, 3), 6y A D o
= f(xy) e N(18, £)

lim S, ) =18

(x,y)=(2,3)

ie. lim 313)—_-]8

(X‘, .")_’(2.3)
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2x+y

2] lim
: (x,v)=(2,1) 3y - X
i 2x+y
Solution : Here (x, y) —> (2, 1) and f(x, y) = —
3y—x
= |(x»)-(2,D|<6s
= 2-0<x<2+40,1-6<y<l+6
= 4-25<2x<4+25,3-36<3y<3+35
= 5-30<2x+y<5+36 and
1-26<3y—-x<1+28
DRSS (He0
= 1425 3y-x 1-26
5-36 2x+y 5+368
= < <
1+26 3y-x 1-26
=, 5= b&,< 2x+vy<5+L§»
14265 3y =x il A 1=28
- 2241387 - 1’2x+y'A< 5‘+ 135 :
2 1=280 5 3y x \ 1-26
= 5-¢ < 2x+y < 5+¢
3y—x
where ¢ = 136 = 0= 4 , Ve>0
1-26 2e+13

= |00 -@2,D[<é = |[f(xy)-5|<e

‘i 2x+y .
(x, )= (2.1) 3y—x

5

<

s : ‘ 3
Scanned by CamScanner




o

[31 f: R* >R is the function such that

‘ 2 _yz 0
= - , (x, ) = (0,
f(x, y) JE +y2 (x. y) ( ‘
= 3 , (x, ¥) = (0, 0) at point (0, 0).
Solution : Let (x, ) = (0, 0) = f(x, y) = /
| _ X -y |
. / ~-—J|l < €
(x, y) € N0, Q), 6) = 1x2+y3
o o< fFrF<so S hl<s )
i 4 2 +y2 |

Now take £ =1, then for 0<x* + )’ <&,

;;§_1<r
Now for the pO‘iljlt'- C—g, 0), 0<m <6,
‘%%%— .<:l = |l_,“[| o -f-).:.(z)ﬁ
and for the POintv [0, g ), 0<. m i 5 | _
3—;-%—%;-—1 <1 :$_JI+I| < ]. | .3

Results (2) and (3),
2=|I—l+1+lls|l—1|+|1

Which is absurd

E
; X =y ey
[im — does :

(x, ¥)=(0.0) x2 4+ yz not exist,

it

Dt i
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Solution :

=

=

=

=

x*+ y?

lim

(x>0 x4 p
Here let (x, y) — (1, 1) = (x, ¥) € N'((1, 1), 5)

0<\/(A—1) +(y-17 <&
0<|y=1[<8, 0<|y-1|<s

1-6 <x <145, 1-6 <y <146
=26 +6% <x’ <1+28 + 57,

and |-26+6° < y2<'1+25.+_c_52' |

2-46+26" < X’ +y? <2+446+25°

and 2 20 < x+y <2+28
(2 45+252) - (2+25) < (x +y’ ) - (x+y)

, < 2+4§/+ 26%-(2- ~25)
—65 + 26° < x*+)" 1 X=y<65+25.

(1)

—(65'+268°) <X’ +y* —x— y < 65 +25°

65 + 26° <' 4+ —x—y

65 + 25°
<

2+25 ' x?Fy -

35+5:_x +y —x—y

2-26

1+06 ‘ x+y

_35-!—52 i 36 + 5 x‘+y-2—x—y

35 + &
< .

1-6 1+6_
= gsay -
x* + y?

——] < £
X+y

—& <

x4+ y?

—1|<eg, where ¢ =

x'+_y

X+ y

36‘+5’
1-5-

35+ 67
<
2 1=0
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Exercise :

3 3
e X +y

¢)) lim )
(x.»}=(0,0) X — y

- . X—y
) lim ) . ’
(x. )= (0.0) X+ J;

K
3) lim Y

(x. )= (0,0) _xm + y?'

s

3 x3+2y3 e .
4)  f(xy)=< x* =2y*’ (X,y?i(O,Q)
0 (x%)»=(0,0)
_ gl ye T
(5) fx, y)=7 x+y’ (x,y‘)at(O,-O)
|0 - (%)=(0,0)

1.8 Continuity :

Letf: E R"_—}) R be a funétio}l and a € E be fixed point,

then the function f is _sraid’.‘o'f_ be continuous at~point @ if.
lim f(x)= f(a). In particula;r'f: ECR > Rie. f(x, y) be a real _
function of two"variables'x' r:i_rid‘jz defined on £ — R? and
if gim( ”'f (x,¥) = f(a,b), then the function fis said to be con-

(x.¥)—=>(a,h . i % ‘ : : -
tinuous at point (a, b) where x = (x,),"a = (a, b).
NOTE : Here lim f(x) = f(a) means.:
(1)  Function fis defined at point ackE Le. f(a) exist,

@) lim f(x) exists.

" (3) The values of lim J(x) and f(a) are equal.
; ?.‘—)‘ﬂ 3
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2] f(xp) = x_x_:_:));_ s (x5 9) € (0, 0)

=0 s (%, ») = (0, 0), at (0, 0).

Solution : Here £(0, 0) = 0 |
Define function y = ¢(x) = 3x and y = yp(x) = »2
x* +9x° Sx

b B = e T i

nd hm x, w(x)) = llm
é Aaad )) =0 x+x7 20 x(1+x)

lim f(x, #0) = S5, y ()= 0
Llim () = 0 = £(0,0)

The function fis continuous at point (0, 0).

2

31 rx, y)_ = ﬁjﬁ—) s (x,0p) = _(09'.0) =iy
e , (% ) = (0, 0) at point (0, 0).

-

Solution : Here f(x, y) = » (x, y) = (0, 0)

(x*+5%)
y=¢(x) =m,.x; y =U/;(x)_=

2.2
X m x

I
=0 X" +m x"

lim £(x, $(x)

mx
= lim - =0
x-*°l+m,

v
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x-x
lim y(x = lim
and lim f(x, y(x)) = [ -—5""=3
YZ
= lim——= =0
x=0 ] 4+ x”

lim  f(x,y) =0 = f(0,0)

(x,»)—(0,0)

The function f is continous at (0, 0).

sinx — siny

= tanx # tany
[4] F(x,p) iy L) AL ; o
=1 .., tanx = tany, at point (0, 0). ~
Solution : Here f(0, ) =1 . yr (1)

Define function y=¢,(x) = mx

sinx — sinmx

]

lim — -
=0 tan x — tan m,x

lim x40

: X X
2sin(m, g-l)i cos(m +1)= - - T

= lim _ XCosxX-cosmx rE A
x=0.  sin(m, —1)x : : %

P

sin(m, —1) =
= lim '_J"sz (= xlxlx] |
x ity 2 sin (m, fl) X

=1x1x ’1 = 1 = constant, for i ='1, 2, 3;

(x,»)=>(0, 0)

lim f(x,y)=1" b oy Y7 MR 2
Results (1) and (2), | ‘
= . 'l)l_l:ﬂ f(st/) = f(O 0)= I

=  The functlon, fis continous at point (0, 0).

o e |
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(Unit : 2)

Chapter | pitferentiability of function
2 of several variables — I

- J

. 2.1 : Differentiation :

We have studied the derivative of a function of one variable.

Now we shall study the derivative of a function of several variables
with the given conditions.

Dlrectlonal Derivative :

Let f: E € R” - R be real valued function and if" for x,

x+huekE h - 0, ,!’lng f(x+hu; — J&)

exists, then this limit is

called the directional derivative of function f(x) at point x along the
direction of unit vector u and is denoted by D f(x).

- Thus;-D._ -f(x) = lim f(x+hu) - f(x)

~& h—0 v h
Illustration : k
. -xyz , .
Lﬁtf(X,)’)= xl_gi_y‘i ’x'-’toayio
=0 ,x'=0,y=0,then

find directional derivative of function £ at poiht (0, 0) along the

direction of the vector [ )
V27 2
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- Solution : Let u = (u,, uz)

: ' £((0,0) + h(u
D f@©,0) = |

i ;
hu, . hu,) =0
o f( 1'u,_ 2)
h=>0 h

22
hu, - u,
' 4
1121412 + h'u,

==
] oy
= lim l 2_, = —
o5 A0 ulz+h'7uz4 I
TR T e e e ".E.O,hu g (0,0
If 4, = 0, then D, /0, 0) = fimg L1 = SO
0-0
e
Here u = | —, — l ,
htts (ﬁ ﬁJ |
AR

Required directional derivative is

1/42)

7

NOTE : The directional derivative of function fexists at the giveh ;

point in its domain even yet the function f may or may

continuous at that point.

not be
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Evaluate f and /, for the following functiogs and_.(i'

[3] %
i mine the valules of xf, + V/ .
2 2 .
X'+
O fun="0 )
=0 , x+y=20
x+y

Solution : f(x, y) = X+

(x+y)2x + (xz + yz)l
= f;(xs y) . i (x+_]))2 ’

X%+ 2y =
- 2

(x+ J{)

+y)2p + (x” +¥3)]

- and f;(xa Y) b G+ v)?'-

;_ y2 +2xy = x>
GEP) =8 St

XX+ 2= p%) + y(3F + 2y —x?)
o(x+ y): |

* 1 e

- (x+y)l(x2 +ﬂj yl)

(.7&‘+.y)2
x? + 2
Lnxta
x+y'
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@) [ y)=sin“%, p# 0
=1 . y=0-v

Solution : Here f(x, y) sin-' = , 0 < x| < Iyl
_ y’

' i _lx h + 0
O e S gy T
”: o
=% iy
£ e
Solution : f(x, y) = sin”' —
X+y
' . , 2 @
= &y = l it iads

| 2 +2 ) St
{22

(From Ex. 2)
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x* +2xy—y2 |

Jo+p)? = +27) (x4 y)

Il

] y +2xy—-r

(x+ )’

and X y) = \ﬁ_ r+yh)? o (+ V)

Y2+ 2xy — x°
(x+v)\/(r+y)-—(x +y°)
¥, (5, ) + ¥, ) |

. x(x? +2xy - Y- ) + y(y* +2xy = x°)
(x+y)\/(x+y) ~(x*+ )

_ (x+y)(l +37) i
(X+y)\/(l+y) —(\ +

)

~

o

x ua y | " e .\‘»-"‘

\/(X‘U’) - (x +y? )-
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2.4 Partial Derivative (Differential Coefficient)
higher order :

If E c R"is a non-empty open subset and 1 E—> Risare
i % ,
valued function whose partial derivatives D, /.: E — R exist, i =, )

3, 4, ....., n. If partial de.rivat'ives of D, f exist, they are called partiz

derivatives of second order and so on. In particular /: E c B> > j

is a real valued function of three variables x, y, z the partial derivative;
of first order are..... = | . o 3

lllll

- of % B! - of

D f . ’ D”f o > Dif ==
Ve T R Ty

The partial derivatives of secdnd order ,arél

----- . - Y

i(f’i)'_‘ 3f 4 g b

ax\ox) @l - e = Dyfe e 0T
_ a'_’ -— £ N
_Eyl—_f"y =,_f22_=D22f :

i(a_]_azf SR
Oz \ Oz _'?z‘f::-f-"-‘;_: 5 S
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L/ RARS e

o (of 0 f _
57(5J = pox = S TP = Pl

o (ofY _ of _ 'h
a-(aw =g e T = BI
o(or) o - e |
52'(5]}2/ = 625;: g = Jos = Dyf gtc.

Now, £, (x, ¥) ='(/§(Jé, y)) = lim:

But-£_(x,- y) = lim

* hmy) = fm

frj (x=y+k) "—.f.‘r(xsy)
i ;

Foihi e Foey) -
, B

lim L&+ 2 J’+‘k;7 - f@y+R)

“h—0

f(x+h,y+k) f(xy+k) llmf(x+h y) - f(x V)
ok h

-0

H

k .

f(x+h v+k) — f(x,y+k)
- f(x+hy) + f(x y) -

- iy —— L 4
Similarly, |
fO+h, y+k) = f(x,y+k)
Lo = fxh YY)+ (%))
Fle ) = i 10 ThE T | )
= fim fim L2 Y) Z 2R )+ T y) . (3)

h—0 =0

' 2
h-
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and

, P VRGP N
f = lim lim W il

W . k=0 k-0

- From (1),

k) - SR - SO + JO.0
7.0, 0) = lim lim o

k=0 h-0

From (2);

¢ (o, oyl i LR = SO 7(h,0) + £(0.0)

From (3),

7.(0 0).— lim lun f(Zh 0) 2f(h,0)+ f(0, 0)

h-—)D h=0 ) h2
- OR

= i L0 - £.(0, 0)

h—-0 : h

. From (4),

f+0.0) = lim lim G Zk) — 2f(0 k) ki f(O O) :

= lim‘f.y(o’k) = fy(Oa )

k=0 k
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[2] Find £ (x, y), [« y) where (x, y) # (0, 0), for the
followmg functlon

M fep= 2LV 0 0

x4 y?
= : s (X, ) = (0, 0).
Solution : Here '
2 2
f ) = ay. & _+y D@9~ - y7) 2x) ¢y
(x +y ) | X +y'r

'y’ + xty = S
(x* + )

(x + )" ) (l2xy +x —Sy)

- fx);(x,‘-y):— . = (4x?y? +xy )2 2x(x +y)
by R TN

@+ y) (122797 +x0 —5p)
4@y £ xty — )

()
| 5 4 3.2
4 xXy' — 4x’y
Similarly, = ; d
Y, £,(x ) TRy an
9x4y? — §x3 Yopox0 8
f(x, y) = =Y Y

Thus 1% y) = f,(x )

. i 4 ) .

Scanned by CamScanner



/Al AR

Theorem 1:

If function z = f(x, y), defined on an open set E C R%, is
differentiable at point (x, y) € E, then its partial derivatives f,

and f -exist at point (x, y).

Proof : Since z = f(x, y) > z+ Sz=f(x + ox, ¥y + oY)
Also function f'is dlfferentlable at pomt (x, y).
f(x+ 8x,y+ 8y)=f(x,y) + A6x + By + £
where 4 and B are independent of 8x, oy

and £ > 0as ¢ = [5x2+5)2 > 0 ’ D)
Case (i) : If we put'6y =0, 6x # 0 in- (]) then |

[+ 8%, y) = f(x, y) = 46x + £6x

S(x+0x, 7-(351) —f(x,y) =g Ox 0.
X ; ‘

o f = gim LEHER D - fGy)

Sx—0 ox

= lim [A+f:] lim[A+£]=A.+0"=A

Ox—0 5_)/—)0

- Case (ii) : If we put 5x._£ 0, 5y = 0 in (1), then

fGx,y + 5y) ~fx, y) = B53+ 85y
f(x, y+8y) - f9) |

= — _ =B+ ¢

oy

/

fim LY *+0Y) = JE6Y) _ iy g

dy—0 o) y Sy—=0 §x—>0

= f_ llm[B+g]-B+0-.B

p—0

F fy exist at point (x, y).
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—'ITheorem 2

If a function z = f(x, y), defined on an open set E c R?,

is differentiable at point (a, b) € E, then the function f is

continuous at (a, b) € E.

Proof : Since z = f(x, y) is differentiable function at point

(a, b) €e E c R.

fla+ h b+ k)={f(a b)+ f(a bh+[(a, b)k + £9
where £ > 0as ¢ —» 0 | (1)
ey ) = lim . flath, b+h)

O k-—)O

=, .im (@ b)+ fi(a bh + f,,(a, byk + &p]

=f(ab)+f(ab) 0+f(ab) 0+0
= f(@ b) |
The functlon fis contmuous at pomt (a, b)

NoTE The converse of" thls theorem is not true ie. If the function

fis continous at (a by e D,, it may or may not be dlfferentlable at
point (a, b). - :

Ilustration ﬁvcens.ider?'iche' »funte_t‘ien-" | &
' f(x }’)— “\/'7+—y_ (x,y)¢(o 0)
| 4 ."0 ' : ,(x' )’) (0 0) at pomt (o, o)

Solution : Reader can easn]y varify that
£,(0,0) = 0, 1,(0, O)-—O i

lim £(x, $(x)) = lim fGiy(x) = 0

lim =0-= 'f(0,0)

(x,y)—(0,0)

This function fis continuous at point (0, 0).
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277 illustrations o . \
[1] Consider the function -

2.2

x'y
f(x, y)= ;r_;}'z‘, x, y) = (0, 0)

| - 0 , (x, ) = (0, 0) at point (0, 0). |
Solution : Reader can easily verify that £(0, 0) =0, 7 (o, 0) <,
and the function £ is continous at point (0, 0). -

lim ¢ = lim fO+h0+k) -f(0,0)-f, (0 0)h (1) 0)

80 -0 9 _——f\ .

= lim S0 -0~ 0-h—0-k

>0 ' 2P|
Q . '

hzil;z' - | |
=,',‘_'E})(h e i C: 0= i)

Define y = ¢i(x) = mix =>k = m,h b

h4

e T TP —

= lim lll.m' 'hm,2

The function £ is dlfferentlab]e of pomt (0 0)

[2] Consnder the functlon o R IR e e g {
£ 9) = % tam (.Ji S ta,,Q. ) e
: X s y s (x, P) # (0 0) | i

at point (0, 0). T , & (-x’ y)‘,= (0’ q),

Solution : £ (0, 0) = llm M

h=0 h
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h
A tan™! (0) — 0tan [6) -0
= lim -
h—=0 h
= lim u). =0
h—0 h

wd £0.0) = lim LOR = /00

0 tan™ -’é- # ™ (0) - 0

7.(0, 0) = £,0,0)=0 :
Now f(h. k) = hf,(0, 0) + k£,0, 0) + 59

= h?'tan_%—kta"%—h0+k0+£$’

—
_—

il | 7 ;1 k : "):-.A:{"._l h) :
Sl tan S - P tan™ 2|
g - #e )

‘Puth=9cos O, k= 9sin®

g

= 99 [cos? o - te'lllh‘.l .tal_né"'— sin® @ tan” .cotd]

¢ “oostl — (% —'_tﬁ?)sin2 9] |

I
L

'Q—+O=>a-—>0

The function f is dlfferentlal at point (0 0).
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Discuss the differentiabiliy of the following functiop :\l

%y’ 0, 0) -
B res 0=y @0 |

=0 ,(x,}’)=(0s 0)

- 1(0,0 L
~ Solution : £.(0,0)=lim f(h’ 0 - /0.0 f

h—0 h

-0
lim 0

h—0 h

=

I

lim f(os k) _ f(oa 0)

0.0 - jn 200
. 0-0
R 'A!TOT =0

Now, /(h, k) = 1(0, 0) = Hf,(0, 0) + k£,(0, 0) + £¢°

hk* g : et -, s )

(h2+k2)2_ —'hO"{'k'O +£§’-._=.8’h2+k2
3 _
"+

3 E =

Put & = Q¢og 6, k = QSinB »

©°cos0 sin%g | '
g ' i $7cost sin‘g | . T
@
= cosé sin*g
which is independent of Ql

. As Q -0
f(x, y) is not dlfferentlable at = £+ 0.

point (0, 0),
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3.3

Ml 16 0= i e # 0, 0

=0 » (% ) = (0, 0).
Solution : £,(0, 0) = lim J(h, 0) ; S(0,0)
. 0-0
B /!l-l;noT =0

and £,(0, 0) = lim S0, k) = £(0,0) .

k=0 k
L 0=0
o kh-glo k T O ;
Now f(h, k) ~ f(0,"0) = If,(0, 0) + kf (0, 0) + £9 )

ik’

—S——<-0=h0+ k-0 + g0
i+ k2) L

=R v K

: ‘ P Bidie
= £=

5 Y

Put h = '9cos 0, k= 9sin@

| | 9%cos*0sin'®  cos’Bsin’ O
= ey EF 7 = —
- 9 E

As 990:"58++0.

The functioﬁ is not differentiable at point (0, 0).
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2.9 Equality of fand f :
Theorem 7 : Young’s theorem :

Let f be a real function defined on non-empty open set
EcR:. If [, f exist in some nbhd. of (x, y) and both are
.differentiable at point (x, y) with respect to x and y then [y =
f at point (x, y).

Proof : Let A%f=f(x +h y+k) - f(x+h, y)-—f(x,y+k)+
- )

and let ¢(x, ) = flx; y + B F

and y(x,y) =f(x + by =[xy .

then A’f = ¢(x + h, y) — $(x,y) G e )
and A = y(x, y + k) — y(xy) (2)

Since f exists in some nbhd 1 (x; ), S0 ¢, exists in some
nbhd of (x, y). ' -

By Lagrange’s Mean Value lhgorem s |
6+ b y) ~ $(5Y) = hg(x + Oh ), ) e(o,‘l) WE)
~ Results (1) and 3) = ’ '
A*f = ho(x + Bh y), 6, €0, 1) : ot
-“h[f(x+t9h y+k)—f(x+9h y) B C)

But f is dlfferentlable at pomt (x y)
By theorem 3 | -
ﬂ(x + 6h, ) f(x, y) = Qhf, it kf * £9

where g = 0 as ¢, = J(G,h)‘+k2 > 0ie h >0, k>0

(5
and f;(x+« glh,"Y)—"f(x"y)=9|hfx_;+0'f;y+£292'
where £,—> 0 as ¢,= |64l > 0 ie. h > 0 (6) -
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Results (5) and (6) = B

’ j;(x'l' 91’1’ y)_kfxy+8191'“89 |

h—> 0, k=0 |

_ kf, + £'0 say where £ e
xy

as ¢ = JHP+kKE >0 ()

Results (4) and (7) = | o |
Af = h[k + €'9]
= hkf, + he'8

A f -y EY

hk ,

g" > 0as ¢ > 0ie h—>0,k>0 R (8
Similarly, A = p(x, y + k) = (%, ¥) |
= hkf, + keh o

v

—

\}vhere- g" > 0as ¢ = h2+.k2_+> 0

| 2 , | ng
lim = f=' - ( w T :Z—-)

h—>0k—0 hk h=0k—0 h .

| = T 8 = 0 as .9_—>.'~6)- )
Results (8) and (9) = £ Sifmi £ P SN
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Theorem 2 : Schartzs theorem :

Let f: E C R > R be a functlon such that jg i
partial derivatives f,, f,s [y exist and are continuoug in
nbhd. of a point (x, y), then f s exists such that f = f..

Proof : Let A= f(x + hy+ k) — [+ hY) =7 Yk

fx,y)
and $(x,y) = F(%, y+k)-f(x=}’) .
“then A = ¢(x + h, y) — $(x,y) 3 ':'(1).

Since f, exists in a nbhd. of point (x, y) say N,

¢, exists in the nbhd. N of point (x, y).

By L.M. V. Theorem A

¢u+hw—¢uyr4wu+9hwc9em1)um’

Results (1) and )= 7o

A= g+ Ohy), OO 1) I8
—h(f(x+ & h, y+k)—f(x+ ohn, y)) = (0 1)

Now f, exists in N o ;

By L.M. V. theorem i

AYf = hLKf,(x + Oh, y + 9%, 6, B (o e 0

Now f_is continuous in N. T

: llm

o0 k-0 Foy(¥ +_9hs }"‘*‘_9,'/6)‘; fxy |
e+ Ohy + OB =f,+ 7
where £ >0as h > 0, k> 0
Results (3) and (4) =

A = K[, + ]

Results (1) and (5) =

fe A B YR =S B - [fx y + k) - fO0 D)
' = hk{f, + &

(4

..(5)

‘Scanned by CamScanner



L
S Naiia s e T o TR —— V.

. [f(x+h,y+k) - fG+hy)  fly+k) - f(x,y):| |
k—>0 k k

= lim W £, + ¢

£,(x + h, )~ f(x, »=hf, + &h
where &' —->Oash k—>0

So(x+h, ) — i
fitn fx( 1 y) fv(x.y) llm(f + £
h—=>0 h h-0 <

where &' > Qas h, k> 0

Since £, exists, so limit of L. H. S. emstix in that case it is nothmg but
Ilmlt (£), of LH.S. ie. f exnsts

| o _— .
NOTE The converse of Shwartz’s theorem is not true

ConS|der the functlon :

2 2

a2 0, N=00

+y

=0 ¢ iy = (0: 0y at point (0, 0).
We have seen by example of Note prevmusly
| 1.(0,0) =0, f(00)— '
and £ (0, 0)= O f(O 0) 0
= 1,0, 0)='£,(0, 0)
f(hO)—f(OO)_' 020 _ o
h

h h— 0

| Also £,.0,0) = lim

; 5] 2xy -
Now, _/;y(x, y)= By (x?+y2)2 g

(x + y° )8xy - 2xy4' 4y(x2 -+ yz)
(x* +y*)
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= = +7)
8x3y3
= (,\‘2 +,y2)
Slmllarly, f (x,») = (Y ¥ y:" )3
- 8m; x° |
~and !l_)“}) fo= (x,mx) = ll_l)“ D (1+ )2
' 8m,3

= Jim
=0 (1+m, )

3ok i7 :
= S, 5 whlch is not fi mte
1+ m

f,, is not cOntl_nuous at'('O', 0).
NOTE : £ (h k) = hf,,(0,0) + kf, (0, 0) + £¢
f (h,0) = £..(0, 0)

But £,.(0,0) = h_m R -
- . 0-0 .
a0
Similarly, (0 0O =0 -
f,ry(h k) = g9
sk’
-

K+ = &9 | '

E=7
- ¢ Wiy
4
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(1] M z=jf(ax+ by) + g (ax - by), then prove that

p 22 _ 0
ox? ayz ‘

Solution : Since z = f(ax + by) + g(a.x' —by) = fw) + g

oz of d ‘
i _9f du ag dv_af a+§g_a
ox Ou dx ov  dx Ou

8z Pf 1, 9% 2 2 e
= ——3=—f,—a‘r+ a—‘gav' = a 8f o (1)
§y>  ou? av- | ou’ 6v2
i, rah 0’f o' " R
. ol =2 —-b .
Snm]arly, & (Bu avz) e -(2)

Results (1) and @ = %z &z _ .9z
i ) RUTET, T

i [2] If u =log (x* + y’ + z3 - 3xyz),then show thét

[a + 2y "’]u=9’(x’+y-’+z=)‘z

ox Oy Oz |
Solution : Since ¥ = 108 (3‘73 +y? + 22 - 3xyz);
L o 3odp

B 'x3+y3+z3'-,-3xyz‘J

"'“E".n

RO ‘
e e A b, cgingn 3 {
S R SRS ST N AR 2.0

5
qw, ’? b G2S
) ';':;L-:- l

"-_\-n‘a.;
ﬁu H(-
s

~
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3y2—32x

_a_u_ and
oy x3+y3+z3—-3xyz

du 3z% = 2xy
oz xX+y’+7° - 3wz

[a o 0 ou Ou Ou
u + +
ox oy Oz

i 3(x2+y2+zz—xy‘-—yz—zx) 8
X +y +2° - 3xz

v sadl
(x+y+2)

= ! a
Similarly, ==| ==+ — + — |« — | —t =
myc‘w[ax ay.az) az(ax ay‘"z)” .
 =- g
Co(x+ y+z) )

a[a d aJ 555 g
=+ =+ =lu+ 2[99 — |u.
oy\ox oy oz az(ax+ay+az}
. -9
(x+y+2)
y
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3] M H=f(y~zgz—x,x—y), then prove that

oH o
— + H + _ag__ =0
ax ay az sevee

SOl“tion:LetH=f(u,v’w),u:y__z’.v:z_x’w:x_y

OH _of ou & & & ow

o ou ox oy o aw ax
SE DY AN f
w0t 0+
= 4 +"i %o s | (1)

OH of of  O0H o o
imilarly, — = —=— + — and — = ——= + — . ..(2

oOH | oH  0H _ 0 [by"résuus—(i'f) and (2)]
Bx oy az” Doy L

4] Ifz—f(x,y)andx— '"+e”,y-e“+e‘",thenprovethat :

oz oz Lo 'a_z'

u v ay | 6x._"

Solutlon.Here x=e"+e, y—e"-l-e

AR ST et SO R
—_——=— ¥ —_—= ,-.—;-"‘-B,-—:Ie
RO Sl . o |
R N . TP
ou ox ou oy ou o o o
: 0z Oz 0z ek ‘
' Similarly, —=—-¢" + —2(=¢ - 2
imilarly, = -()

-, . A

4 Al

> 9 v
.rk

e
v
A

. "y 2
Y Y VS [X.0

———e

2 N e

/
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Results (1) and (2) e

. | g
= . Ez__g = _e—ué._*_ e"iz- —e" ?E + e '—i
Ou oy ox Oy o Oy
= 2(&" +e”’) — gz—(e'” +e")
oy Ox
% _ &
"y T
o o’u 2w
S 11 w=log l(x? + %), then prove that o + :’)}T =

i.e. u harmonic function of x and y.
Solution : Let y = [(r)=logr2= 2 logr, where r= \./xz.- +yh

= 1O =2 10 =-

"N' )

¥ : 1 |
= 4+ — _ n - fy
axl Q))Z f(r)'*'r.f-(r)"

ERTS TN | O e e
= -:2— + ;— -; i 0 Hence the result.

[6] Ifx=rcos 6, y=rsing apd u = f(x, ), then p,.o;,é tha‘t'
_a_z_l;_'_?il;: -a_zl_‘.q_.l.’_aﬂ_'_ 1 6'2" _
ox” ' o',y ey
Solution : Here x = » cog Q, Y = rsin g :

= ¥ =,/x2 +y2, 0 = tan' 2

x .

‘ et
T YA —
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| ox - Ox
— -_— =C059,——:—-rsin8’ .QJ_)z iné@ 2: ‘0659
o6 or > " 06 ’

or _X or y
—_— :_':(3059, —_— = =g
- - 5 r sin &
o6 _  y _rsind _ sing
ox J&f?‘+y2 r2 ‘_ r
@ _ X _ cosé
and ay I2+y2 y
ou Ou or du 80 du sin® ou
_ = . + ; — o =y :
Now o "o & o0 0% T ae
ou = cos@-?—('-@ﬁ) + _6_u£ cost?)—l-a—uré- sinﬁ)
or) Or Ox ' r 08 ox

ox? ox

. Ou 8(1] sin @ 6(611]
—sinf —-—| — | = -
r ox\ 06

o%u WE O, sin @
@ 8 + —(—sinf)-| -
cos P cos ( ) ( 5 ) .

il

S ‘—;% (cosﬁ).[- sn:Bj g sigé Z—;[— —l—] cosd

r

2 2 . 2
0*u sin“@ 0O°u sin“8 oJOu
= cos’ - — + —— + —-

or r: 06? r or

" 2sinf cos@ Ou '
L 50 (1)

2
r
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[11] Prove that u = (x2+y2 +Iz2)—%, (x, Vs Z) F* (Os Os 0)

is harmonic function of x, » Z

Solution : Let \/x2 + yl +z22 = p

uUu = — -_— = P —
I ox 2\/.\72 +y° +22 p
u_ L x_ % Y
ox ror 3 g
u  3x x 1 x* 1 4.
= . 29~ Gk, TR SeEs .. Ej) _
ox r ! r ’ r E
_ °u _ 3x R |
Similarly, P =3 3 s
, [
d’u _3.2'2 ol &,
D 3 i
o u . 8 u o’u 3(x2 + y* +2°) Gz 3 '-
2 oy _azz Lo 3 3 | . :
= 252_ _3 2 1
- 3 | :
s u is harmomc function of x, y, z \
[12] Discuss Whether f and f for the followmg functions are i

~equal or not.

O fx, p)=log Jx* +y +tan _,(x, y)¢(0 0)

X

I

-1y

- : | 2 '
Solution : Here, f(x,.y) = E(x +y°) + tan "

0o LE®N =0,
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] =5 2
L 2 2
> L&Y =3 x2+y2“:l+'y'z' e saled's
X

= f(x, y)= (}.2"' 2)2
¥y ..230)-—.1
7 2 (]
(x* +y°) )
2y eyt (1)— A
Now’f(x’y)_§(2+y2)—l+li’x x“+y
o A

- &+ ) (1) - (x+) () ’
_:;) fm(xa J’)_ | (x +y)

2

I Yo S e e
s 22 S 0

(x” +y) |
(1) and (2) = [, f,,,, Sl

@ Flx,y) = ﬂx + C.V) + g(x " C'.V)

Solution : Here F(x y) = flx + cy) + g(x — cy)

= F(xy)"'f(x,c}') g(x—cy) |
F _(x, y) = cF" (x + cy) - " (x — cy) SRRV R |

Now F(x, y)—Cf’(x+cy)—cg (x-cy) st i

= F,0))=d"x+cy)~cg"(x —cy)
 Results (1) and (2) = f = f

)
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e e e — . ‘ : ‘_-qmul R,
2.10 Implicit function : | \"‘l

(@) The variable y is defined by a function of x an i
f(x,y) = c, then y is called an implicit functiop of . ah%

Since f(x,y) = c is a relation of variables x ang y.

dy .
g9 &, 9. &,

f(x,y)=c 25—&‘ dx ay dx
dv
= f‘. i J,'&; =0
dy /e .
—-— = - f #0 ‘
Tw Ty, 5 (

Diﬂ‘erentiatinglboth sides with respect tox,

dy ' . '
d y f[f_n- + fayay] o fr[j))% + fyr]

. _f"[f"‘ pawy R, Al
A e _/-f".[f]z T ‘A t_
LY <2fpp s £(5)

(f ) *,‘*** v ['."f' '=‘f;y1

”
A0 Letu=fr, o K S glrn Tl
tthwo dxfferentlable functnons of x,, Xoul %2 x3 defined o
€ir common domajp, Let th W : ll"t
functions o | ey .can be expressed by imp
F(u, v, x', -xz, ..... s Xn) = 0 ’ (l)
G(u:.v: X1 xz, ..... ) xn) = () . | ..-(2)
Applying chain ryje for equations (1) and (2)
FLFE au op g
Ox o B T — = (3)
i U ox, ov oy
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2] M f(x,y) = 0 and g (y, z) = 0, then show that
dz

fg T [.8, -
Solution :Since £(x, y) =0 = P -_Jx (1)
‘ dx J5
' d. g
and g(,2)=0 = e A .(2)

dy g
Results (1) and (2) = '

gz_dz.dy_ - '__f__r_
dx dy dx g. /,

dz
A f;g: E T f\g} X .
[3] IfF(xs}’,u,v)Ex’+y°-l-u’_+,2v3— = 0 and

G (x, y, u, v) =23 -y + 3u° -:-‘v“ -7=.0, fi_nd
\au ox Bzu d*x
ox’ Bu ‘ax?’ ou?
Solution : Here F (x, y, u, v)— x3 +y3 + P+ 2v3 -5
G (x, y, u, v)=2x° — P +38P -V =7
= F—3x2 F—By2 F-= 31 F, = 6V
G, = 6x%, G -=—3y2 G -9u2 G, = 3y

B2 F, 3x2 6v3
Bu G. G, 6x> —3v’
> _ |F, F| Pu* 6?
G, G, 9% =332 ' ’

Scanned by CamScanner



|

4 ¥ FQ,p,r,0)=x-rcos@ =0 and
| G(x,y, 7, 8) =y — r sin @ = 0, then prove that

or | or 00 sin & 00 _ _c_?.s_g_
—=c¢0s0, — = si —_—=— and —= .
o o sin g, W . ay r

Solution : Here F(x, y, r, 8) = x —r cos 6 ‘and

Gx,y,r,0)=y—rsind

Fx=1,Fy=0,Fr=—cosH,Fa=rsin9 '
Gx=0,Gy=1,Gr'=—-sin9, G,=-rcos? ’
F. F, 1 rsind
or _|G: Gy - |0 —rcosf|
o |F F| l-cos® rsing :
G, G, —sind —rcosé
— —.__LOSE =. cosgh.
| i g '0- rsind
o AF,G)fa(y,6) |l —rcosé|
& AF,G)or,6) r
5 _—rsind ekt R
% ERP
| L |—cosé l‘
06 o(F,G)/o(r,x) _|—sin@. 0 _ _siné
& AF,G)/or,6) LT
| § —cosf 0 ,
- o0 (F,G)/o(r,y) _ |—sinf 1|  cos@
and - = . =

&~ 8(F,G)/or,6) e r
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‘Chapter

apter ; ‘

P | DIffEI‘entiability of function
3 - of several variables-II

. _J

3.1 : Total Differential :
Ifz=f
set E < R?, which is differentiable at point (x, y) € E then
52=fx5x+fy5.y.|..ggl»
where £ > 0 as ¢ — 0 _ (1)

Here principal part f,55€ + I; Oy of 8z is called total differential of
z and is denoted by dz. . -

. Thusdz=7,6x+f &y ) AT )%
But x and y are independent variables. . ,
Sx=dx,5y=dy = 58 e 7 (3)
Results (2) and (3) = dz = fdx + fdy = ()
Theorem 1 :

If a function f ':'-(x_, ) D> z2=f(xp) possess continuous
partial derivatives in its domain and if the functions ¢ : 1 - x =
¢ (?) and w: £ > y = w(?) possess continuous derivatives in their

el < dp By Lor dy
domain [a, b], then :I; = axv s T
Proof : Lets, ¢+ 8t € [a, b]

51t is the increment of z.
= 3 Sx and &y which are respectively im_:rerqents of x and y

= 3 8z which is the increment of z.

»

o

(x, y) is a'real function defined on non-empty open

A

e i

s

s ———

- T e i S
b

Scanned by CamScanner



N

2= [+ 6xy+ 6N -5
= =;((:+ (Sfc,yi 5y -1y ON &Y TN =1(,),
| =
But f ‘and f, exist at point (x, y) =
by L. M. V. theorem
| 6 «+ 5x,y+ 8y —f(x,y+ 8y)=f.(x+ 6, 6xy T 5v)6y
and f(x,. y + 0y) - f(x, y) = fy(xs y + 6,0y) oy
where 6, 6, € (0, 1) ' ‘ -(2)
| Results (1) and 2) =

52—f(x+ 6 ox, y + 5y)5x +f(x, y+ 95}’)5}’
where 6, 8, € (0, 1)
If-6t¢0,then

. 0 o

z—f(x+96x y+5y)—— + f(x y+9 5y)

ot
where 6, 6, (0, 1) 3)
Let 61> 0then 8x 50, 5y 59 |
Now f; and f, are contmuous at pomt (x, y) :
; , :

hm f(x+95x y+5y) f(xy)_ 4

5) —)0 : a\x Lo i b .’.-( )

“and hm f(xy+95y)—f(xy)_ e -
uy—'i() ay . ".(5)

Now from result (3)

. 0Oz : .
alf"—?ogy = m fx+6, by, »+8y) 2%

ot

’ \ a
toim Gy 6, 5) =
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- 546,55 y+ 53l 52
e y+9y) 5£'£1 0 5t

oy
+ l:m f,(x y+6,0y) hmo—é,t—
6‘y-—>0

By results (4) and (5),

d _ 0 dx & dy

I ox ' dt 6y ‘ g whlch is the required result

Theorem 2 @
If function £ : x — z = f(x) possess continuous partial

' derivative in its domain E c R", and ¢, : t > ¢,() = x, possess
continuous derivatives. in their domain [a, b], then a !

I aa dx TERRA e : ;

e Li=1,2,3, ey n. i

dt- ,Zlax dtl 5 ,n {a

Proof : Smce z.= f(x) = f(x,, sy X ) l
and x, = ¢(¢), ,— 1 2,3, ek | |
e f% (©), . 45! e ¢,,(r) = f(p(t)) '

= G(t) Take peE '

G+ = G() :

'('t) - /!-To ( %1 :

Now Jet G(t + h) =‘,f;§_¢1 (t+h),. ¢2 (t%;h), ..... @, (t+h)

and  G(1) = SHE) B0, o $,0) = [(4)
GG+ h)y—G@) =B - ) b*!

Since fis differentiable function on E and each x, and its derivatives r
e continuous functions on [a, b]. | ' ‘ i{j
i
1
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By Lagrange’s mean value theorem,
G(Hh)-G(t) = f(B) - f(4)
- fa+oB-A+B-4), 6=, ;

' i

# Vf(A +9(B"'A)) . (B_A)’ 96(0, l)

_ . (B-A)
6/~ i VA(A+6(B-4)) - ( )‘

h—=0 ' | 'h

= lim Vf (4 @ga A hm«——»

Ash—>0=>B—> 4

; V(f(A»l P(t+(1)}’— P(Q S |
= Vf(P(r))P'(t) - s ﬂ e
: Vf(x) @0, % '(r), ..... ¢,, '(t)) Sl
~ \ox’ 6:_:2_"'.""3.- 6 £ ‘dt S dt e A
v 0z v, o |
- El‘_j Cadt : .
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Theorem 1 : Euler’s theorem on homogeneous fpnction :

f is a differentiable homogeneous function of degree 4
invariables x,, i = 1, 2, 3, ....., n defined on the non-empty opeyp

set E c R" & i x,.—aL= mf(x).

i=1 xi

Proof : Since fis a homogeneous function of degree m in variables x ,

i=1,2,3, ..., n
Let u = f(x, x,, X3 weesy X))
X, X X '
u = xl’"F —l, —3“, ..... , —-
X1 X X)

u=x"F(v, v, Vys ey V)
s .
bl ’”xlm lF + xlm < 9_{ _a_v__: s f
ax-l ‘ ;:28v,. 6xl
m |
=mlnllF+1I"2'a_£'%_x’q V,=;—rj='
i=2 av,‘ xl- xl
. n?xlm lF_ xlm—2 x,‘aﬁ ’ -
i = av‘; ";(1)
ou _ wOF B _ ., oF |
ox, l ov, Ox, ; ov;,  x
xm——l ; QI_“‘_
=" il v, (2)
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i

Part II : Suppose that ix, % =mf(x,, X,, ceery X)
: - i=1 i "

Let v = f(&x,, &x, &, ..., tx;), t> 0.

Put rx, = X,i=1,2,...,n

v=1X, X, ..., X)and — =x

(1)

= iX:‘ _a_f_.- = ’mif(Xlr, X5, iy X,) = my )
1

| v
S Rpsu]ts (1) and (2), ¢ i my

e — R O S T S i

Scanned by CamScann

@

» by

i ST d Dk P~Ta? T
o e i e )

r



dv
—_— = m—
= v t
= logv =mlogt +108¢
v
= log ” = log " .
= v=ct" -(3)
Ift=1,thenv=u=>c=U
Result (3) and (4) = v = ul”
F(1x,, By vy 1%,) = 1 (s Xp oo x)

f is homogeneous function of degree m in variables.

x1—12

Corollary 1 :

fis a differentiable homogeneous function of two

variables x and y of degree m <

.lxj;+yf;—_

Proof : Part I : Suppos'e_‘ that .

of x and y of degree m
Let f(x, y) = x"F (y/x)
x"F (v)

Since f is differentiable function of x and y.

mf (x, y)-

f(x, y) ,is' a homogeneous function

(Putting y/x = v)

~ F is also differential function of x and y.

7 _ mx" ' F(v) + x" . — . =, o ok d
o 5 | ov  dx’ dx x?
Z L m=—1 . am=2 oF |
= oo =mIRe) -y (1)
o o OF v v
and dy o & dy x
_éf_ xm—l _a£
= @) av ..-(2)
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Results (1) and -(2) —
of
ox Oy . 8y
= mx"F (v)
=mf(x, y)

Part II : Suppose that for a differentiable function f(x, »).

%) 0
xé +. J’Byi > mlf(x,- y)
Let u=/f(x,y)and v=f(&x, ty), >0
Put x =X, ty=7Y ‘
v=[(&X 1)
dv _of dX o d¥
dt oxX . dt oY - dt

- i e
-x L+ T ( dt

oxX aY

dv““_. af _L
dt ax * 9%

af f'
ax _aY

.*
|
1

=mf(X, Y). & I by result (1) "

= myv.

d_ A jogv=mlogt+loge
v o} i

— log = = log "

= vy =ct"”

L L mxTF () — xn-1 o g g

oF | |
Y ov

(1) !

T B e T e e
44 1 _",)}4" A.!A‘A“L'. bi

L3 oads T A

£ty
2o NS T R

e

= =y
- i el A s e oy
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Ifr=1,thenv=1u
From result (2), u =¢ * 1" =¢ ~(3)
Results (2) and (3),

=> V= t.”' u

f(tx . ty) = 1"f (%, ) |
The function /(x, y) is the homogeneous functlon of x and y of
degree m.

Corollary 2 : If f(x, y) is a homogeneous function of x and y of
degree m and if its second order partial derivatives exist, then

2 a-f + 2 o f + y?. a_{
ox” axay oy~

= m(m—-1) 1 (x, )

Proof : fis a homogeneous function of x and y of degree m and its
partial derivatives of second order exist.

0 0 -
or * K =mi 3 oS e

Differentiating pamally with respect to x and y respectlvely
we get

of o f O f of i~ s
— + —— —_—= ——— ST
o e ey 2)

o L az’f_ of il -]
and xayax + o + E;— m-a;- o _ (3) ‘E

Multiply both sides of results (2) and

.(3) respecti and.
y and add the results and here P : tyely.by » o

azf ~ azj\
Oxdy  Oydx

—————r TR L e

B+
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=

2 2
x2 0 f 4 zxy 0 f G yZ_f.
ox” OxQy oy?

(m-1) [x% + yaij

=m (m—1) f(xa y) by result (1).

I

Theorem 2 @

If u = ¢(H) is a function of a. homogeneous function
H = f(x, y) of degree m whose partial derivatives of second

order exiSt, then

G ou
U u mF(u)

. St _—— F' 0
Q) xax + y o ) (u) +#
'J=. G(u) say.
S fﬁ~z§_;amwwru
@ “x — 2xy 6x5y + .V» By ‘ _

Where H = f(x, ) = F@) = o)
meLau—Mﬂxm—¢WHw | :

g = F@) =fxy)=H | (1)
Since H = f(x, y) is a homogeneous functlon of x and y of degree
m whose partial derivatives exist.

oH oH | '
xZL 4 y=— =mH=mF (u) - ‘ (2)
i oy '

G
By OH _OF du _ F.(u)_;i

and. i =T AL oy

s

S AT RS S e

IrtndR i e ut At gy §orveanc sy o e pos ven D i dorasnie s

|

/|
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Here

0 It (2
th(u)g_'lxl + yF'(u)?iyli — mF(u) By resu ( )

Lo o FW) g0 e)
ox oy F'(u)’

= G (u) say
Differentiating result (3) partially w. . to x and y resp.

8*u  ou d*u Ol z |
bulia e Aol c syt = G u)-—- (4
2w ey W )
ou ou - 8*u ou
s + + = G'(u)— o o
oy o y'ay2 = G'w) By e -0
’u _ Ou
61»6y .ayax

Multiplying both 51des of results (4) and (5) by x any respectlvely and
- adding the results. -

ax | Bxay | ay‘ , 7,8x i dy

3 S | o i
G’ (u)(xax + yay)

aZu azu 2y
272 42 = Ou . Ou
X x2 + axa.’ a (u) 1)(31_"‘: + y‘——]
= G(u) (G'(u) -1
' [by result (3)]
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e |

3, ‘ ined multiplies, 1~ |
3.6 Lagrange’s method of undetermined multiplies, to
detemine extreme values of a function of » variabeg

Proof : Let u be a real differentiable function of n Variab]eq
Xis Xgy Xpy weersy X, SAY
u=g(x, x, R
whose extreme values are to be determined subject ¢,
m (< fz) conditions (equations) | ;
[ Xy X5y ey x) =0, i=1,2,3, ..., m ‘ | (2)
Where each f, is differentiable.

So that only n — m of » variables are independent.
For extreme values of u.

du=% % g5, _ e Liarses o)
i=1 a'.x, "i=l axl . v
\ noof -
and dﬁ:ZB;r-dx’=0 ...... (?’+3), '—1,2,3, ..... s m
i=1

Multiply both sides of results (3), (4), (5), ..., (m + 3) respectively by
1, 4, 4y weeeey A, and add all results by columns.
‘We have the equafion.

Pds, + P, + P, + ... Pdx = )
o6 .o . of o -
Where p=—2 4 320, 2% n
’ 6x,- 11 axi ;Ll 6x,. ‘+)' - B fl," 6x, ’
i=1,2,3, ., n i )
Now 4,4, 4

12 Ay Ay ey 4, , used above are calleq undeterm

ined multipliers
and are at our choice. So we choose t

_ hem 5o as to satisfy the
following m equations .
P =0,P,=0,P =0, Pmr= 0 (1)
The equation (I) reduces to
Pl + P dxm tPdx = (V)
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—
Since any n — m variables of », variables x,, x,, x,, ..., X,
be taken as independent values,

let they be taken as'x_
,x, so from the equation (IV)

m+l—0 P+2._-0 =0 ..(V)
Thus in virtue of choice of A's, from equations (II) and (V),
P,=P,=P,=..=P =g
These n conditions (VI) along with the given m equations to

determine m unknown multipliers Ais Ay ooy A_and the values of n
variables Xx,, X,, ....., x, for which extreme value of » may exist.

+1? m+2’

3.7 Illustrations :

(1] Find the minimum value of X+ y* + 7 subject to the
condition, ax+by+cz-d 0, a’+b’+c’ﬂ%d¢0

Solution : Let F (x, y, Z)—(x2+Y2+22)+l(ax+by+cz—d)'

B=F,=2x+2a=0) o
= Pz——-.AEv=2‘y+Ab=0' = l__2_x=_2y 22

il

P=F =2z+4c=0] a i D ¢
"y 20 -2 : .
X LY XY (1
S mEE 58 - | (1)
ax + by +cz ?__"' d: | .

TR bt a b+ Z '"(_2)
Results (1) and (2) =
RN R :2 5 %,whereu—x2+yz-l-z2
a b C a +b”+cC

d
ad bd ___E‘_l_ —
= 32 V=320 =52 YTl e
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Ou Oz z _ e =i
= U = dx+2z—, a+c—=0, b+cC .
ox Ox ox dy
N 2 z .
= ﬁt = 2x+2z(—£)=2x——£—
ox c c
2 2 -
o Qu_, 2000 _@_(_z}zz 4a 20
Ox~ cox c\ ¢ c”
2 2
. us b
Similarly, ay?_‘ =2+ 20—2
Bu._ 2a0z 2al b\ 2ab
and S/ = —|-——=|= —
] axay _ Cay,- c C CZ
2 : 2\
r>0and rt — s2= (2+292—J(2+ili] = [2ab)2 3
| _ A el ¢t 2 )

o

‘ . :
i 4 AR i AP
= (“‘T -?—J-BO ‘
d2

=2 is mini . (ad b N
U= Zaz IS minimum at pO]nt (____”_ | bd _ed ]

[2]  Find a point within a trianole <vor. o1
: a triangle such that i
. . - A tl’le sSum
Ot_‘ Its distances from the sides of the ¢ .(.)‘f squa're.s
mum, iy riangle is a mini-

Solution’ : Let P be the point in A 4pc

Draw PD L BC, PE LCA, FF 1L 75 Jois A 75 PC
LetPD=x,PE=y,PF=z.Thenu=x2+‘;,z+; .“ |
and  A=ABPC+ACPA+Aqpg - 4

= —ax + -}-b + :

gy o
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= ax + by +cz =24 ‘ 2

l

{

Lt Fu %> 2) = X+ 3 + 2 4 A(ax + by + cz — 24) .(3) |
= P,=F,=2x+al=0 (4 il
il

|

l

P = F = 2y + b/l =) ; _"(5) ;:
P,=F,=2z+ci=0 .(6)
Multlply both sides of (4), (5), (6) by X, ¥,z respectlvely and add the 'r
results by columns : i

|
2(x2+y2+z2)+l(ax+by+cz)-—0 it
— 2u + 2AA = 0 e ' by results (1) and (2) _ i{
u : \ L g

> Ak St s - )
From results (4), (5), (6) _and @)
la - udl ub - VlrlC‘ St B
=l = ‘ 7 A ..(8 el

| 2 2A 23 2A ; 2A e : Sl R

= u= e A - =R L(9). s -
a + b +c il | i

Results (@9 Tr e D |
2Aa - _208b 2Ab — iz_zAc R e i i

Since u = x2+y2+22andax+by+cz——2A—0

Reader can verify as example (1) that

o’u 202 o :E‘f’_{)., _5;171 =240l

o’ 2 2~ OxOy ¢z oyt o2 {

i;— a b ) !
:>r>0andrt~s~4l+:5~+?—w0 | |
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4A°

a’ +b? +

- is minimum value of u at point
¢

2Aa 2Ab 2Ac J P
a+b*+c? @ +b et A+ b+ 1c‘ 'S the
centroid of A ABC that can be verified by the reader.

[3]1 Prove that the extreme value of u = ax? + by? + e
subject to the conditions x* + > + 22 = 1, Ix + my + p,

2
2 m’ u

+ + =0.
ad-u b-u -y

Solution : Let F (x, y, z) = (a2 + bY? +"c"'zz) tAE+ )2+ 2 1)
+ u(lx + my + nz) (1)

P1=Fx=2a2x+2/1x+l;z=0 (2)
P,=F =2b% + 24y + mu = ' .(3)
P/=F, =2c%+2z+nu=0 ..(4)

Multiply both sides of (2), (3) and (4) by x, y and z respectively and
add the results by columns. o o - ' A

Wehave2u+2/1-1+ﬂ-:0=0:>/1=—zi i -(5)
Results (2), (3), (4) and (5) = .,

= 0 is given by

o

s

~
~

)7 omp | UpL-
AP S b b AT NI s
2@ -u)’ 7 2t —up) ~2(c* =u)
Substituting these values of X, ¥, Z in equation /x + my +inz =0,

we have

~
w
o
2

+ + =0 .y
a>-u b -y et -y G u#0)

which is the required resuit.
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(Unit : 4

Applications of partial
.. derivatives

4.1 : Expansion of a function f(x, y) : ]

In F.Y. B.A/ B. Sc. classes we have studied the
Taylor’s theorem and Maclaurin’s theorem for the expansion the func---
tion of one variable. Now -we shall study them for the expansions of
the functions of two 'variab]_c"s".' i it '

Taylor’s theorem : - _ |
Let f be a function '_Ad'e.ﬁne"d_o'n 'domain E c Re. If function f
possess its continuous partial derivativ'e_s. upto #t order in a nbhd. N
of a point (x,y) € E and if.v(x"fl-’_ h,y + k) e N, then there exists
fc (0,1) suchthat: = - Fe i
fx+h ¥ k)-—-f(x ) +'l'"i‘l' h-6— ‘+;k£ rf(x ‘) f
, yy" x o) 24

I r=1

L P i P |
ol o ay__(x Oh,y+ 60k
Proof : Define a functidn g =1+ ht, y’+'k_1) where ¢ is an
auxiliary variable. i
Using Maclaurin’s theorem for one variable 1.

n=1 4" "

; ‘ t r ‘ [~
g0 =g+ Zq&@ 8@ 0ecOh .

|
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eS OI ¢ dalid
Now since x and'y are independent variabl

g()=f(c+htyy+ k) = by chain rule

9
g(t) = F(g(’)) = (z—— +’fayJ g(t)

[h.a%may) fee+h, yrkt)

. a a n |
= il "~ ] 3 3 ; (2
= g" (0) (hax_”ay) f(x y) ’ | )

Results (1) and (2) = |
f(x + ht,y + ht) = g () :

r=|

n=1 4r a
=g0)+ X tr!(ha_x +k6y] f(x, y)

t" a a n 42 - :
R
n'( PV ay] g(6r), 6(0,1) ‘...(3) ‘
Putting ¢ = 1 result (3) ' |

fe+hy+B=1fixy + nfr,(h% +kayJ f(x y)
) r=1 :

a . aY | el
‘ n,(’?a +kayJ f(x+9h y+6k), (0, 1) (4)

If'wereplacex+hbyxandy+kbyy,xbyaandybyb then -
reduces to . » i
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rl?‘

y)"f(a b) + Z [(x a)—.. ) b
f® ay+(y b)ay f(a, b)

+_L((x_a)i +( —b 0 n. ., ‘
n! "oy TV 0% ) fa+6ix-a), b+o(y-b)),

8e(0,1) ..(5
Maclaurin’s theorem -

Let f be a real function defined on the domain £ c R? If the
function fpossess its continuous partial derivatives upto n* order in a

abhd N < E of the point (0, 0) and if (x, y) € N, then there ex1sts
g € (0, 1) such that

e y)—f_gg__Og_ pats l,('xﬁﬁyi) 0,0

Ox - = oy

In Taylor s formula (4), put x = y 0 and replace h by x and
kbyy and hence the result

s }‘i(x — +y3) F(6%,6%)

L. Hospital rule for the functmn of two varlables g

Let f: E(cR x R) = R and g : E(cR x R) — R be the
functions and (4, b) € E, if b, k € R* and if
©)  f(a, b) = g(a, b) =0 7
()  Function f and g are continuous in E.

(i)  Functions fand g are partially differential functlon for x and y
in £ and if g, # 0, g, # 0 and if (x, y) - (a, b) along st. lme
y = Ax, then,

flx,y) _ Sx(@0) + Af,(a,b)
(x, y}l-inu by g(x, y) gx(a, b) + /lgy(a, b)
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Fry) _ flath b+E) L

Proof : Let ~ gla+h, b+k)

_ g(x,}’)
f(a b)+hf(a+9|h b+glk)+]%(a+9hb;w
g(a b)+hg (a+63h b+93k)+kgy(a+9h b+9k)

91, 92, 939 45(031)
Butf(a, b)y=g(a, b)=0

fx,» hf.(a+6,h, b+6’lk)+lg‘(a+9h b+t9k)
- g(x,y) hgr(a+9,h b+92k)+kgy(a+92h b+9h)

But (x, y) = (a b) to along the ]me y= lx then |

f(@ )+ Af,@b) |
' g@h)+af@b)

4.2 Illustratlons :

1. Find first three terms in the expansmn of f (x, y) =

- e”sin by in powers of x and ye
Solution : Here f (0 0) = 0

B e
N P

af(x,y)= ac -smlb_y, = Z50,0=0

%f (x, y) =be™ s by‘f 2 %‘f (\0; 0)%“@.-_‘ .
0 | ‘
2 B=ae"sinby = [ .(0,0)=0

62
| 6ayf(x V)= abe’ cosby = f,(0,0)=ap

62 ux
6y2 (x,y)-‘ b* e smby:> f (0, 0) 0
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> & J’ay (0, )I,=’by, (x-é; + y~] f(0?0)=2abxy

2,

* . 5 | {"

gimilarly, PYE f(0,0)=0, gc%-f 0,0)=0 r}
&’ s |

axay—; (0, 0) = —ab a-y—-;f(() 0)—-—b3 | i

Oy
_?_ -+ 9 : o ' 2.2 '
2t Vo) SO0 =3 )

By Maclaurins formula we have

c™sinby=0 + by + r:2abxy'_~ : —(3ab a4l +b3y3)

S R TR SRy e

2

Expand f (x, }’) _-'-%3—_, upto second degree m (x — 1), ( y

Solution : Here fQ, =1y =1, f;="§£ |

= f(1,-1) %f3
f;," x3' , :?‘f;(l’ fl)'f_z’- ‘ - :
12y? i e
fo= 75 = 0 -D=12
; e X
6y ‘
f= -2 o 0=
. 2 | . 7
fyy= -'x-i' > /;y(ly _]) =2
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By Taylor’s formuls (5), we get B

(0 F)
f(x’ »=r({1,-1)+ ﬁ((l—l)-é; +(J’+l)ayj (1, -1)

1 G oY
+§((x—l)5\; +(y+l)5y—J S, -1y

=1+ (=1 3+ (0 + 1) (2)

1 ) . . ‘ \ E | S

TR 124 (=) (PHDE F (v 1224
=1-BE-1+2(y+1)]

+6(x -1 +3x-Dy+ D+ @+ D] +... 4

3. Prove that lim X TXe +J
(x,¥)-(0,0) Xxcosy + sm2y

=53
5’

if (x, y) > (0, 0) along st.line y = 2x
Solution : f(x, y) = sinxy + xe* — y, g(x, y) ="x cos y + sin 2}'
= f—ycosxy+e‘(x+l)f—xcos(xy)-l-l)

g =cosy, - g, =-xsiny + 2 cos 2y
= f0,0=1,70,00=+, g0, 0=1, g(0,0)=2

Y im S&») 1426 3
(x.»)>(0.0) g(x,y) 1+2(2) 5 .

'ﬁ
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Singular points : '

Ordinary point and sin : P
Lbrt ;lzx rz:)p“ Obea continuous function such that ;2 g ,; exist
e LY =

: e f(x,y)=0at which £, and 7: do not
Efii)n;:lfs(;:::fll:ng;;;ri: c:lrl(led ordinar.y point, (2) E: p(?lnt (;f‘ this
curve at which 7. and £, both vanish SImElltaneoqs y }s. ca efi o
singular point, Inx Chapter 1 we have studlet% a p01;1t .o mlﬂe.x.mn

“which is a singular point. There are other kmds of singu al‘ltles{,

“we shall define them hgre.

gular point :

Mulﬁple point : |

A point on acurve is called a multiple point of r® order if 7,
branches pass through the .point. |

If r = 2, then multiple point is called a double point.

If » = 3, then multiple point is called a triple point and so on.

It is obvious that r tangents, one to each branch can be drawn
at a multiple point of 7t order. Also at such point, each of these

r tangents cuts its own branch in one point and. each of the
other branches in two points. So (# + 1) points
altogether coincide at a multiple points of 7 order and so such
tangent cuts the curve of n™ degree in n — » — 1 points. Thus
two tangents can be drawn to the curve, one to each branch
atf a‘double point on the curve. These tangents may be real and
distinct, real and coincident or imaginary. So double p;int is of
three types. - ‘ - e PR

N.0(¥e : A double point on the curve at which two real and =
distinct tangents can be drawn is called a node.

Cusp : A double point on the curv

gy e at which two real and
comncident tangents can be drawn js '

- called a cusp.
Species of cusps : A cus

p is called single or 4 coordi
eles . ‘ oubl rdin
as the curve ligg entirely ooty

on one side of the normal or on both

be of the firgt species (or keratoid like

sides. Also 3 cusp mighi
norns) or the second speeies (or Ramphoid like a beak) according
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as the two branches lie on opposite sides or on the same side
of the tangent. So we have the following types of cusps.

Single cusp of the first species in Fig, 1 single cusp of the
second species in Fig. 2 double cusp of the first species in
Fig. 4 ‘ | _

Double cusp with change of species which is called |
osculinflexion in Fig. 5.

Fig.l, o i D g

Fig.5

3) Isolated point : A double point on the curve at which two

bed - 1 ‘d t : i 1 d ’ !
imaginary tangents can be drawq is said to be isolated point. '
; t

l

|

|

PR R v sl g o )
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4.4 A necessary condltlon for the existance of a do“ble
point on the curve f(x, ¥) =

Since f(x,y) =0

(1)

AT -0

Equaﬁon (2) gives the slope of tangent to the curve at Point
dy .

P (x, y). 1f f, # 0, then the value of P l§ inque. Hence Only

one tangent can be drawn to the curve at point P(x, y) |
P(x, y) is a double point on the curve, then two tangents myg

be drawn to the curve at P for which two value of —= must

be derlved from equation (2). If £, = 0, f,= 0 Thus the con.

ditions that point P(x, y) on the curve f (x y) 0 is the double
point are ;

f. =0, = 0 (3)

Now to determine the nature of the double pomt differentiate
(2) with respect (o =

el -y
Bmgag=0 ; o
. " 5 2 et . : RERe.
. 